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Abstract
This thesis is concerned w ith the development of a new spin-1/2 wave equa­
tion in relativistic quantum  mechanics. This equation is the sp in-1/2 analogue 
of the spin-0 Feshbach-Villars equation.
The thesis begins in chapter 1 w ith a review of the subject of relativistic 
wave equations and its place in the development of m odern physics. C hapter 
2 sees the derivation of the new equation (hereafter referred to as the FV 1/2 
equation). This derivation is presented at three levels of understanding, and 
is combined w ith an analysis of the equation using elements of the underlying 
m athem atics of the theories of special relativity and quantum  mechanics. The 
analysis justifies the m ethods of derivation of the equation, and its suitability as 
a wave equation in relativistic quantum  mechanics. It is shown th a t the FV 1/2 
equation is different to the Dirac equation and other equations in the literature.
One of the striking features of the FV 1/2 equation is th a t it contains a less 
restrictive dynamics than  the conventional Dirac equation. C hapter 3 examines 
the solution space and proves some results using the discrete symmetries C, 
P and T, which enable a subset of the solution space to be used for physical 
applications. It is possible to use a subset of solutions which contain the usual 
Dirac negative energy states, or it is possible to use a subset which contains only 
positive energy states, bu t includes states of opposite signs of charge. The second 
subset corresponds to the physical properties of particles and antiparticles and 
suggests th a t the FV 1/2 equation could be useful in atom ic physics.
C hapter 4 represents a s ta rt on the development of the FV 1/2  equation for 
use in atomic physics. It contains a study of hydrogenic atom s. The energy 
spectra  and wavefunctions for hydrogenic atom s are derived using the FV 1/2 
equation. The m ethod of solution is of com parable difficulty to  th a t using the 
Dirac equation. The spectra are found to be identical to th a t of the Dirac 
equation, but the wavefunctions differ. A calculation of the expectation value of 
the Coulomb energy is perform ed and the results obtained differ from the Dirac 
equation results by 6 x 10-3 % for Z — 1, and 40% for Z  =  70. This suggests 
th a t physically m easureable quantities should be calculated and com pared using 
the FV 1/2 and Dirac equations. A calculation is presented to show the energy 
spectra  and wavefunctions obtained are consistent w ith the literature. The results
obtained in this chapter (again) suggest th a t the FV 1/2  equation could be useful 
for calculations in atom ic physics.
C hapter 5 discusses im portan t further work which should be undertaken if 
the FV 1/2  equation is to become useful to physics. The development in the 
previous chapters concentrated on the FV 1/2 equation in relativistic quantum  
mechanics. It should be also considered as a quantised field equation. The two 
electron problem and the calculation of physical quantities are crucial tests of 
the FV 1/2  equation’s applicability in atomic physics. The m athem atical analysis 
in chapter 2 can be extended. Suggestions for gaining a deeper m athem atical 
understanding of the less restrictive dynamics of the FV 1/2  equation are given.
Finally some conclusions on w hat has been achieved in the thesis are pre­
sented in chapter 6.
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P reface
This thesis is concerned w ith the construction of a new spin-1/2 relativistic 
wave equation. There already exists a well established sp in-1/2 relativistic wave 
equation, the Dirac equation, which was derived in 1928 and has been used widely 
and successfully since th a t time. W hy then should one search for another spin- 
1/2 relativistic wave equation? And even if one is found, w hat should be done 
w ith it in the context of a PhD thesis?
There have been attem pts in the literature to construct other spin-1/2 rel­
ativistic wave equations, bu t by in large the Dirac equation has rem ained the 
commonly accepted and used equation. It is shown in this thesis th a t there is 
yet another spin-1/2 relativistic wave equation, being the spin-1/2 analogue of 
the spin-0 Feshbach-Villars equation. To avoid this equation also falling by the 
wayside, what should be done?
N ature knows if the new equation has any m erit, if it provides a be tter s ta r t­
ing point than  the Dirac equation for the solution of certain physical problems, if 
it provides insights into N ature itself. However, few physicists will consider using 
the new equation if all one can say is ‘here is a new equation, it m ight work, but 
don’t ask me how’, when many physicists have already toiled for years to learn 
how to apply the Dirac equation to physical problems. Instead, in order to make 
a new equation useful to physicists, one m ust be able to say ‘here it is, it does 
work, this is how it works, and this is what one should do to use i t ’. One m ust also 
com pare it in detail w ith the Dirac equation (and m ethods based upon the Dirac 
equation) so tha t physicists can readily understand  the differences and readily 
choose which equation they wish to use in their studies of aspects of N ature.
Hence, this thesis not only contains derivations of the new equation, but a 
collection of m athem atical results which make some progress towards establish­
ing the validity of the equation as a spin-1/2 relativistic wave equation, how it 
compares to the Dirac equation, and also towards providing the necessary results 
so th a t physicists can readily and simply use the equation for physical problems.
Preface 2
By establishing firm m athem atical results one has a starting  point on which 
to  launch further investigations into answering the rem aining ‘if’s, ‘b u t’s, ‘don’t 
know’s and ‘m aybe’s of using the FV 1/2 equation. I have tried  to answer as 
m any fundam ental questions as possible in the scope available for one PhD thesis, 
so th a t the vast num ber (and there will be a vast num ber when a ttem pting  to 
provide an alternative to something studied intensively for 65 years) which rem ain 
unanswered can be approached more easily in fu ture work.
The preceding paragraphs provide some explanation of my approach to this 
thesis, bu t the question ‘why should one search for another spin-1/2 relativistic 
wave equation’ is still unanswered. The initial m otivations of Dirac when he 
derived his equation in 1928 were somewhat different to a m odern a priori ap­
proach to constructing relativistic wave equations. M odern physics now has on 
the experim ental side the phenomenology of elem entary particles and condensed 
m atte r physics, and on the theoretical side group theory, m any-body physics and 
Q FT. After D irac’s equation the search for other relativistic wave equations was 
not concluded, but continued in the literature, w ith bo th  emerging experim en­
tal results and theoretical techniques being incorporated into the studies. Dirac 
him self rem arked, ‘. .. a true advance will be m ade only when some fundam ental 
alteration is made, ju s t about as fundam ental as passing from the KGO equation 
to the Dirac equation.’, [Dirac, (1975)]. B. A. Robson became interested in in 
trying to construct sp in-1/2 indefinite m etric relativistic wave equations and gave 
a sem inar on this in 1972 [Robson, (1972)].
Nevertheless, the Dirac equation has rem ained the dom inant spin-1/2 rela­
tivistic wave equation to date.
My involvement in the subject of spin-1/2 relativistic wave equations began 
when I became R obson’s sudent in 1989 and this thesis is a record of progress 
m ade since th a t tim e on constructing a spin-1/2 analogue of the FVO equation 
and then making it useful to physics.
One can ask the question again at a more general level. W hy should I have 
decided to spend this part of my life studying such a problem?
Preface 3
Initially, as a student finishing undergraduate theoretical physics at the Uni­
versity of M elbourne, I was intrigued and impressed by the marvels and beauty 
of theoretical physics, the elegant m athem atics, conciseness and power of Q FT, 
general relativity and particle physics. There seemed so much to learn and a 
longing to spend more tim e celebrating this beautiful part of N ature. My first 
impression of R obson’s research was th a t it was a way to further study these 
aspects of m odern physics at the A ustralian National University.
A PhD , however, means more than  a study of the elegance of N ature for 
personal satisfaction. It is a transition  from the study of current theories in un­
dergraduate lecture courses to a position where the student is capable of making 
(and does make) new, positive and significant contributions to the world. One 
has to learn how to solve previously unsolved problems and communicate the 
solutions to the physics community and the world. One develops an interaction 
w ith a large num ber of other members of the physics community, and as a result 
of this, goodwill, learning and progress on unsolved problems advance infinitely 
faster. In a world faced with rapid change and unprecedented problems of the 
quality of life, selfishness and our very survival, never before has it been more im ­
p o rtan t for physicists to play their part in solving these problems for the benefit 
of the earth . A realisation of this situation has been instrum ental in directing my 
a ttitudes to the PhD  being not only being a study of the beauty of Nature, but 
th a t I should do my best to ensure th a t this thesis makes as much of a contribu­
tion as possible to the world. Given the ra ther abstract and theoretical natu re  of 
the original problem, the best approach seemed to me to  lay as much foundation 
as possible for establishing something th a t would eventually become useful to 
the physics community and the earth  as a whole. I hope th a t my attem pts at 
solving the difficult questions inherent in this work have given me some skills in 
problem  solving and perhaps this too can someday be of use to the world.
N o ta tio n
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Constants
h ,c  are used e x p lic it ly  except where stated, k =  m c /h
Gamma (D irac )  m.atrices
7 n =  (7 o ,7 ), (70 =  7 ° )
m atrices
Notation  2
<x, T{ conventional Pauli m atrices
V = I 'D ,
Spinor quantities
Spinor quantities are defined exactly as those in chapter 3 of [Lifshitz, Berestetskii 
and Pitaevskii, (1971)].
[Aa/3] = A 0 I 2 +  o .A A af3 is the spinor equivalent of the electrom agnetic 4- 
potential
Inner product notation
The notation is similar to th a t used in [Pease, (1965)].
H  Hilbert space
* complex conjugate, T transpose 
t =  *T
^  adjoint of a m atrix , # =  *T for the unitary  inner product 
|w) abstract vector in some inner product space
w (f)  =  ( C | w ) For infinite dimensional inner product spaces the representative 
of |w) is obtained by specifying w (f)V f.
Names o f theories
QM quantum  mechanics
RQM relativistic quantum  mechanics
NRQM non-relativistic quantum  mechanics
‘relativ istic’ QM relativistic analogue of non-relativistic quantum  mechanics 
Q FT quantum  field theory
Notation  3
Names o f equations
the KGO equation the spin-0 Klein-Gordon equation
the K G 1/2 equation the spin-1/2 Klein-Gordon (F eynm an/Gell-M ann) equa­
tion [Feynman and Gell-M ann, (1958)]
the FVO equation the spin-0 Feshbach-Villars equation (equation (2.15) [Fes- 
hbach and Villars, (1958)] )
the FV 1/2  equation the spin-1/2 Feshbach-Villars type equation derived in 
chapter 2 of this thesis
Wavefunctions
In chapters 1, 4, and 5; and sections 2.VI-2.IX most wavefunctions are labelled 
by the symbols ^(x),  4/(x), </>(x), A(x), £(x), 7j(x),/ ( r ) ,  etc. w ith subscripts to 
indicate to which equation they belong an d /o r to further define them . In sections 
2.II-2.V, 2.X, 2.XI and chapter 3, wavefunctions are conveniently w ritten  as 
if instead of i/>(x). In general the Schrödinger representation is assumed, the 
wavefunctions are tim e-dependent.
In a few cases a wavefunction is w ritten as the transpose of a row vector so 
th a t it can be w ritten  as part of norm al text. For example i f  = (a , ß ) T represents
The entries a  and ß  can sometimes represent column vectors w ith two or four 
com ponents themselves, and the notation i f  = (c t , ß ) T  is used to m ean i f  = 
( a T , ß T ) T , so th a t i f  is indeed a column vector. To explicitly write (a T , ß T ) T  
would be cumbersome, and hence the shorthand ( a , ß ) T  is used.
4/d (x ) the Dirac wavefunction 
^ kgo(x ) the KGO wavefunction 
4/k gi / 2 (x ) the KG 1/2 wavefunction
Notation  4
'I 'f v o (x ) the FVO wavefunction 
^ f v i / 2(x ) the FV 1/2  wavefunction
4,p v i /2(x ) the FV 1/2  wavefunction, using specifically ^ p V1/ 2 =  ♦<8)^0 
if±  the wavefunctions of the equations (i JJ) ±  K)if± =  0 
£a , €1 1lß ’i V wavefunctions of spinor equations
^  wavefunctions of spinor equations w ritten in Feshbach-Villars type no­
ta tion
In the th ird  chapter the quantities ( 4 > o , X o ) T , {4>o ^ X o ) T ’> and (</>o, X o ) T  are used. 
The prim es indicate th a t, in general, <^ o 7^  ^0 /  ßo and Xo 7^  Xo 7^  Xo-
Hydrogen atom definitions
The atomic units used are those of [Bethe and Salpeter, (1957)], page 3.
yj™ spherical spinors defined according to equation (16.80) of [Merzbacher,
(1970)], page 928 of [Messiah, (1985)]
0 ( / , / ' 0) angular wavefunctions 
/ ( r ) ,  g(r),  h ( r ) radial wavefunctions
F ( a , ß , x )  = \ F \ ( a , ß , x )  confluent hypergeometric function
Conserved current densities and Hamiltonians
These are labelled by and H  respectively, with subscripts to  indicate which 
equation they belong to. In general, H , ra ther than  f7(x), is used to specify the 
H am iltonian operator in the position representation
Other useful quantities
if = i f ^ °
=  ' y0 T i f *
T 00 00th component of the energy-m om entum  tensor for a classical field 
8) direct/K ronecker product
Notation  5
C, P, T the discrete transform ations; charge conjugation, spatial inversion, time 
reversal
x, r 3-dimensional spatial coordinate
PLG, proper Lorentz group The group of transform ations comprising rotations 
in 3-dimensional space plus Lorentz boosts 
GUT grand unified theory 
T O E  theory of everything
C H A P T E R  1
Introduction
I. T h e  h istorica l d eve lop m en t o f  re la tiv istic  w ave eq u ation s
In the early p a rt of the tw entieth century the foundations of the theories of 
quantum  mechanics and special relativity were established*. These theories re­
quired a substantial revision and extension of the ideas and concepts of nineteenth 
century classical physics. Q uantum  mechanics (QM) set out to explain the newly 
discovered atomic phenom ena and in doing so necessitated a re-exam ination of 
such concepts as m easurem ent of a physical system and the notion of p a rti­
cles itself. The m athem atical formalism of QM was based upon the use of a 
H ilbert space. A new fundam ental constant (P lanck’s constant, h ) appeared, 
being a m easure of the minimal effect a m easurem ent can have upon a system. 
The formal structu re  of QM first appeared in 1926 when Heisenberg published 
his ‘m atrix  m echanics’ while Schrödinger produced his ‘wave mechanics’, which 
were soon shown to be equivalent. The relativity theories had already been de­
veloped by 1915 and required an extensive revision of the notion of space and 
tim e, and in the general theory, gravity. The physical predictions of the special 
theory of relativity, published by Einstein in 1905, differed from classical physics 
most strongly as the speed of objects approached a new lim iting value, c.
Hence by 1926 physicists had two young and powerful theories based upon 
different concepts w ith their initial applications to different frontiers of observable 
phenom ena. It did not take long for physicists to a ttem p t to synthesize these
* References to the m aterial contained in sections 1.1 to l.V I can be found in 
m any excellent texts, some of which list the original sources. See for example, 
[Bjorken and Drell, (1964)], [Landau and Lifshitz, (1977)], [Greiner, (1989)], 
[Messiah, (1985)], [Dirac, (1958)].
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two theories**. How should the two theories be combined? Should one start with 
relativity  and somehow impose concepts and corrections from QM? Should QM 
be the foundation and the essential aspects of relativity be incorporated? Should 
a completely new theory be initiated? Should the general theory of relativity be 
considered, or is the special theory sufficient initially?
The idea of a ‘relativistic’ QM soon followed, as a way to  incorporate the 
special theory of relativity into QM. It was designed to provide an analogous 
formalism to th a t of QM. To construct such a theory it appeared sufficient (based 
on the theoretical knowledge and experim ental evidence at the time) to replace 
the non-rela.tivistic energy-moment urn relation by the correct relativistic relation 
and then proceed analogously to the development of QM. It was hoped tha t 
relativistic wave equations, as relativistic generalisations of Schrödinger’s wave 
equation, could be used for QM problems of a single particle minimally coupled 
to  a classical external electrom agnetic field.
The formalism of (non-relativistic) QM, hereafter referred to as NRQM, 
relates physical quantities to m athem atical objects in a (generalisation of * ) 
H ilbert space H. The state  of a physical system is represented by an abstract 
vector in and is denoted as |ip). The probability in terpreta tion  is th a t a 
norm alised state  |ip) has inner product
** In fact Schrödinger had already considered a wave equation based upon the
relativistic energy-m om entum  relation E 2 = (pc)2 +  (m e2)2 before he published
his famous equation based upon E  = p 2/(2m ).
* refer to sections 2.VI and 2.IX for a more precise explanation of this
The wavefunction of a system in the position representation is given by ?/>(x). It 
satisfies Schrödinger’s equation (in position space),
(1. / .2)
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Schrödinger’s equation ** is obtained by using n = n2/(2m ) (where 7rM =  (7r/c , 7r) 
is the mechanical 4-m om entum  and pß = (E /c ,  p) =  7rM +  e A ^ /c  is the canonical 
4-m om entum ) w ith the replacement —> iTidll. Dynamical variables are repre­
sented by H erm itian operators 0  in the Hilbert space. The eigenvalues of 0  give 
the possible m easurem ents of the dynamical variable and the expectation values 
of 0  represent the average of m any such m easurem ents on identically prepared 
systems. A un itary  transform ation U can be perform ed on the state  \ip) which 
preserves the probability in terpretation. If \ip') = U\ij>), then
w w )  = w u ' u m  = <«/#) •
W hat happens if the relativistic energy m om entum  relation n ^ n 11 = (m e)2 
is instead used as a starting  point?
The first published relativistic wave equation was the Klein-Gordon equa­
tion, hereafter referred to as the KGO equation, which is
(D^Dr +  K2) *  kgo(x ) =  0 . (1 ./.4)
R ather than  providing an identical formalism to th a t of NRQM, the use of the 
KGO equation im m ediately required a revision of the probability in terpretation. 
The zeroth component of the conserved 4-vector which represented the proba­
bility density in NRQM was no longer positive definite. How could a s ta te  have 
negative probability? (At the tim e antiparticles had not yet been recognised in 
experim ents, so there was no reason to consider j °  as a charge density) The in­
definiteness of j °  was the first sign of a new degree of freedom brought in by the 
use of relativistic wave equations. The use of a second order equation brought 
another com plication-the equation was no longer in H am iltonian form. Is there 
a way to linearise this equation to recover the Ham iltonian form?
** Note th a t throughout this thesis, H , ra ther than  if (x ) , will denote the 
H am iltonian operator in the position representation
1. Introduction 4
Dirac published his now famous equation in 1928 which was a linear equation 
related to the free particle KGO equation. The Dirac equation is a 4-component 
equation in H am iltonian form, w ith positive definite j° .  It also explains the 
spin of the electron, which at the tim e was the dom inant particle studied using 
QM. But why should the new equation have four com ponents instead of two? 
Two could be expected to describe the spin, bu t there were four, which provided 
a new puzzle. Connected w ith this was the problem  th a t the eigenvalues and 
expectation values of the Ham iltonian for the free particle states were no longer 
positive definite. Negative free particle energies? This was another m anifestation 
of the (at the tim e new and mysterious) degree of freedom appearing in relativistic 
wave equations.
II. A b r ie f overview  o f  R Q M
Before the discussion of the historical development of relativistic wave equa­
tions is continued, it is useful to consider a little more closely ju st w hat is the 
RQM of the Dirac and KGO equations. This overview of RQM is intended only 
to  give an outline of the parts  of the subject relevant to the historical discussion.
A ‘relativ istic’ QM of the KGO equation analogous to NRQM cannot be 
given directly, because the KGO equation is not in H am iltonian form. There is, 
however, another equation, known as the Feshbach-Villars equation [Feshbach 
and Villars, (1958)] (hereafter referred to as the FVO equation), which is simply 
the KGO equation rew ritten in H am iltonian form *. This is achieved by rew riting 
the second order equation as two first order in the tim e derivative equations. The 
FVO equation is an equation, which together with the Dirac equation, provides a 
convenient comparison of RQM with the formalism of NRQM. The Dirac equa­
tion is for spin-1/2 particles, while the FVO equation is for spin-0 particles. It 
tu rns out th a t the FVO equation is the only simple way of rew riting the  KGO 
equation in H am iltonian form, the five-component equation, which is also a lin-
* In fact the FVO equation was first derived in [Taketani and Sakata, (1940)]
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earisation of the KGO equation, is not in H am iltonian form (see the footnote on 
page 66 of [Lifshitz, Berestetskii and Pitaevskii, (1971)]).
The Dirac equation is
( « Y ^  -  k)\Pd (x ) =  (* Ip -  /c)’I 'd (x ) =  0 , (1.77.1)
where is a 4-component wavefunction. For the purposes of this brief discus­
sion the standard  representation of the gam m a m atrices will be used;
7° =
I 2
0
0
—12 7  — — (T
(1.77.2)
The FVO equation is l 2 ih(d/dt)'f?Fvo(x) =  77fvo^ fvo(x ),  with
* fv° = - £ d 2 ( - i - i ) + m c 2 ( i  _ ° i ) + ^  • d - " - 3)
The FVO equation is derived as follows [Feshbach and Villars, (1958)] , using what 
will be referred to in this thesis as the Feshbach-Villars linearisation procedure. 
Consider the KGO equation (1.7.4), given by
(D ’‘D„ +  «2) ^ kgo(x ) =  0 . (1 .// .4 )
This can be w ritten as
(Dl-D 2 + k2)1'kgo(x ) =  0 . (1.77.5)
The Feshbach-Villars linearisation procedure involves writing this second order 
in the tim e derivative equation as two first order in the tim e derivative equations. 
Define 'Ffvo(x ) =  (<£(x),x(x ))T, with
Y x) = ^=(1 + z‘A)/Y^KGo(x), x(x ) =  ^=(1 -  ?770/« )^ kgo(x ) • (1.77.6)
Equation (1.77.5) becomes
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- i «D o(<£(x ) -  x(x )) + ( - D 2 +  k2)(</>(x ) +  x (x )) =  0 , (1.77.7)
while equation (1.77.6) can be w ritten
? Tin
W x ) - x (x)) =  ^ W x )  +  x(x)) . (1.//.8)
K
R earranging these equations gives:
A)(<MX) -  x(x )) = — D2 + k2) ( 0 ( x ) 4- x (x )) , (1.77.9)
7)o(0(x) +  x (x )) =  zac(<^ (x ) -  x (x )) . (1.77.10)
Taking sums and differences of these equations gives
= + x(x )) + m^c2 + eAo)^(x )’ (1.77.11)
ih§tX^  = + +  (_mc2 + eAo)x(x )- (1.77.12)
W ritten  as a 2-component equation for the wavefunction (^ (x ), x (x ) )T , equations 
(1.77.11) and (1.77.12) together form the FVO equation w ith H am iltonian given 
by equation (1.77.3).
It was m entioned above th a t the probability in terpreta tion  of NRQM is given 
by equation (1.7.1). This result is derived from a conserved current density as 
follows: If j-/i is a 4-current density, then it is conserved if d^j^1 = 0. Consider 
the Schrödinger equation ih(d/dt)rp(^) =  7 f^ (x ) and construct the following 
relation,
-  H)iP(x) -  ((i h -  i?)V’(x))*r/>(x) =  0 (1.//.13)
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This can be w ritten  in the form d^j*1 = 0, with
J° = 0*(x)V»(x) , (1.77.14)
j  =  - ^ ( V ( x ) V ^ ( x )  -  ( V ^ ( x ) ) ^ ( x ) Nj -  —  A ^ * (x )0 (x ). (1.77.15)
Zm \  J  m e
W hat happens in RQM? For the Dirac equation, equation (1.77.13) can be 
again used (with * replaced by *T = t) ,  which also leads to a conserved current 
density with
3°  =  ^ d (x ) ^ d (x ), j  =  ^ { ) ( x ) a ^ D(x) , (1.77.16)
which is conventionally w ritten as j 1* = 4 'd (x )7 /z,I 'd (x ). Hence j °  is again 
positive definite and the original probability in terpretation  of NRQM is regained. 
However, for the FVO equation, the conserved current density becomes
3°  =  4,fvo(x )t3 ^ fvo(x ) =  |0 (x ) |2 -  |x (x ) |2 , (1.77.17)
ifi (
j  =  ^FVo(x )r 3(r 3 +  zt2) V ^ fvo(x ) -  (V ^FV o(x))t r 3(r3 +  ir2)\I'fvo(x )
_  me A ^ F V0(x )r 3(r 3 +  it2) ^ fvo(x ). (1.77.18)
j °  is no longer positive definite, and this corresponds to the use of an indefinite 
inner product (this result will be discussed in more detail in the next chapter).
I I I .  O p e r a to r s  a n d  e x p e c ta t io n  v a lu es  in  R Q M
The use of a Hilbert space provides a convenient and powerful way to  derive 
the m athem atical formalism of operators and expectation values in NRQM. The 
H ilbert space is an infinite dimensional inner product space w ith positive definite
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inner product given above by equation (1.7.1). For the Dirac equation, the 
formalism is based upon an inner product space w ith inner product
( * d | * D > =  J£ # D!,(0 * D a(C K , (1.777.1)
from which the results for operators and expectation values follow analogously 
to  NRQM. For the FVO equation, however, the inner product is indefinite (im­
proper),
< * F V o | * F VO> =  J  * J . v o ( f ) r 3# F V O ( C K  • (1 .I II .2 )
Hence the m athem atical formalism m ust be generalised. For example, the defin­
ition of the expectation value of an operator Q, becomes:
(Ü) = j  4vo (C )T 3fi(C )'W C )d f . (1 .///.3 )
This definition is discussed in section 2.IX. The inner products of the Dirac and 
FVO equations are extensions of the inner product of NRQM, which ‘contain’ the 
relativistic (and also in the Dirac case the spin) degree(s) of freedom.
The FVO equation is ju s t the KGO equation rew ritten  as a 2-component 
equation. A conserved current density can also be derived for the KGO equation, 
which is found to be identical to the conserved current density for the FVO 
equation, ju st w ritten  using different quantities.
IV . Free p article  so lu tio n s in R Q M
W hile the Dirac and FVO equations provide inner product formalisms, these 
formalisms include the new degree of freedom m entioned earlier th a t is not 
present in NRQM. The free particle solutions of the Dirac and FVO equations 
present a convenient first glance at this new degree of freedom.
The (non-relativistic) Schrödinger equation has the following free particle
solution:
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0S (x) =  _ L e - i<E^- p'x)/ ' , =  ~ e ~ i k l  , ( l . /V .l )
V N  V N
where N  is a norm alisation factor, k.x =  k^x^, p^ =  HkM, and E  >  0. The state  
■0s(x) has energy (H) =  -\-E. The (non-relativistic) Pauli equation for spin-1/2 
particles has two free particle solutions:
0 P «  = (1./V.2)
where (a ,/? )T is a norm alised 2-component (non-relativistic) spinor. Again the 
energy is (H) =  + E .  The KGO equation has two free particle solutions:
^ kgo(x ) =  . (1./V.3)
where N'  is a norm alisation factor so th a t j °KG0 transform s as the zeroth com­
ponent of a 4-vector and E >  0. Note th a t there are now two signs possible of 
i E t / h  in the exponential, representing different solutions. j %G0 is opposite in 
sign for the two solutions. The FVO equation has two free particle solutions:
*FVo(x) = ^(i)e"“'x ’ {1JVA)
=  • (1J™)
These have (H) =  + E  in both  cases, and j°Fy Q is again opposite in sign for the 
two cases. The Dirac equation has four free particle solutions:
^ d (x )
^ d (x )
1
y/N777
\
\
)
— ik.xe
e+ik.x
7
5
(1./V.6)
(1.JV.7)
s f W "
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where now (q ,/3)t  and (a ' , ß ' ) T are normalised 2-component spinors in the rest 
frame. The free particle solutions of the Dirac equation have positive definite j° ,  
however the first two have (H ) = -f-E,  while the second two have (H) = —E.
The new degree of freedom appears for the FVO equation as the need to 
generalise the concept of probability density, to a density which is positive definite 
for one type of solution, and negative definite for the o ther type of solution. A 
charge density fits this criterion, for some charge (such as the electric charge) 
which can take either sign. However, for the Dirac equation, the degree of freedom 
appears as the need to generalise the concept of kinetic (-f rest mass) energy 
to  include the possibility of both  positive and negative kinetic (+  rest mass) 
energies.
Care will have to be taken when developing the ‘relativ istic’ QM formalism 
using the FVO and Dirac equations due to the presence of this new degree of 
freedom. The use of the indefinite inner product for the FVO equation will lead 
to a need to carefully state  the in terpretation of eigenvalues and expectation 
values in RQM. W hile the inner product of the Dirac equation is positive defi­
nite, negative eigenvalues and expectation values occur which are not present in 
NRQM, this also leads to the need to carefully re-examine the in terpreta tion  of 
these quantities.
V. The non-relativistic limit
In the lim it th a t c —> oo, or th a t the rest energy m e 2 is much greater than  
all other energies in a given problem, it is na tu ra l to expect the relativistic wave 
equations to reduce to their non-relativistic counterparts. This means th a t the 
FVO equation should reduce to  the Schrödinger equation, and the Dirac equation 
to the Pauli equation. In fact they do.
This completes the very brief sum m ary of some of the results of the Dirac 
and FVO equations in RQM. The sum m ary is designed to give an indication of 
the questions facing physicists after the initial b irth  of the subject of relativistic 
wave equations. It is now tim e to re tu rn  to  the historical development of the
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subject.
V I. H istorica l d ev e lo p m en t, con tin u ed
In 1928, after Dirac published his equation, there were two m ain relativistic 
wave equations in the literature, the Dirac and KGO equations. The first of a 
series of m ajor developments of this situation was an explanation of the negative 
energy states of the Dirac equation. Dirac proposed th a t all of the negative 
energy states are norm ally filled and hence the Pauli principle could be used 
to  explain why positive energy electrons did not make transitions into negative 
energy electrons. The explanation also included the possibility of exciting a 
negative energy electron out of the negative energy sea, leaving behing a hole, 
which should behave as a positively charged electron. Dirac initally thought th a t 
these holes m ust be the protons, as no other positively charged particles had been 
observed, but Pauli pointed out th a t the hole and the electron m ust have the 
same mass.
The experim ental observations of firstly the positron in 1933 and later the 
Lamb shift [Lamb and Retherford, (1947)] were regarded respectively as first the 
confirm ation of the Dirac equation and then the need for som ething more. The 
Dirac equation was retained, but a theory w ith new concepts introduced, leading 
to the construction of the m anifestly covariant QED. In the two decades between 
the derivation of the Dirac equation as a ‘relativistic’ QM equation and its use as 
a quantised field equation, the application of group theory in theoretical physics 
had blossomed, w ith im portan t contributions by names such as W igner and Weyl. 
This led to an exam ination of the Dirac equation from another viewpoint as well.
W hile these developments in general led to an acceptance of the Dirac equa­
tion, other relativistic wave equations were published, for example the works of 
[Kemmer, (1939)], [Taketani and Sakata, (1940)], [Heitler, (1941)], [Feshbach and 
Villars, (1958)], [Feynman and Gell-Mann, (1958)]. The m otivation behind these 
alternative equations was quite different to the development of QED. The alter­
native equations generally relied on the same basic concept to find a relativistic
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wave equation to  describe a single particle moving in an external field, bu t the 
various equations described particles w ith different internal degrees of freedom, 
in particu lar spin and charge. The construction of QED used the original equa­
tions w ith new concepts in a ttem pting  a more complete description of aspects of 
the physical world.
QED brought an elegant and powerful formalism which provided highly ac­
curate predictions which agreed well w ith experim ents. However m athem atical 
tricks w ith no apparent physical justification had to be introduced to renor­
malise the infinities appearing in pertu rbation  theory. R enorm alisation seemed 
physically acceptable, infinite renorm alisation seemed odd. Nevertheless, QED 
quickly surpassed RQM as the dom inant theory, although RQM was not aban­
doned completely as it still provided the best starting  point for calculations in 
atom ic physics.
There were various responses to the infinities question. The theory could 
be retained as is, and some future experim ental justification sought, especially 
w ith regards to the (yet to be explored) short distance limit. Perhaps instead 
a new starting  equation could be found and the same QED formalism could be 
applied to the new equation. A ttem pts at finding such an equation included 
m ultim ass field theories [Pais and Uhlenbeck, (1950)], indefinite m etrics in QED 
[Nagy, (1966)], a unified field theory of elem entary particles [Heisenberg, (1966)], 
and Dirac himself said th a t ‘. . . a  true advance will be m ade only when some 
fundam ental alteration is made, ju st about as fundam ental as passing from the 
KGO equation to the Dirac equation.’, [Dirac, (1975)]. Robson [Robson, (1972)] 
gave a sem inar where he presented a candidate for a spin-1/2 relativistic wave 
equation with an indefinite metric.
The m inim al success of attem pts at constructing alternative equations, the 
accuracy of predictions of QED using the Dirac equation and the emergence of 
new experim ental results (parity violation in weak interactions, the zoo of elemen­
tary  particles, nuclear physics) contributed to a redirection of thinking towards 
understanding the weak and strong interactions as quantised field theories. The
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theory unifying the electrom agnetic and weak interactions into one gauge field 
theory was developed, followed by QCD, the corresponding theory for strong in­
teractions. These form w hat is known today as the (minimal) standard  model. 
W ith  the adjustm ent of roughly 20 param eters to fit the experim ental data, the 
standard  model explains the observable phenom ena of particle physics to a high 
degree of accuracy. Explanations for the values of some of these param eters and 
also for the inclusion of gravity into this scheme have been sought producing 
theories such as string theory, various extensions of the s tandard  model, super- 
symmetry, supergravity, GUTs, TOEs etc. Various m ethods of handling the 
infinities have been developed, including lattice gauge theories.
Hence m odern theoretical physics has seen much conceptual and m athem at­
ical development since the tim e when Dirac first produced his equation. O ther 
areas of theoretical physics such as atomic physics and condensed m atter physics 
have also seen m ajor advances and use highly developed versions of QM, Q FT, 
and RQM.
Given these extensive developments by many great physicists over the past 
65 years, one m ust indeed ask, why should one even consider returning to the 
initial formalism of RQM to search for a new equation???
V II. In itia l m o tiv a tio n s for a sp in -1 /2  an alogu e o f  th e  FVO eq u ation
Consider the question [Robson, (1972) and (1989)]; ‘why doesn’t the Dirac 
equation give the correct free particle predictions in R Q M ?’ It is easily shown 
th a t the FVO and KGO equations produce the correct free particle predictions 
in RQM*. Robson also considered the question; ‘given th a t our theoretical and 
experim ental knowledge is so much greater than  it was in 1928, is it possible to
* and also in Q FT , whereas the Dirac equation gives the correct predictions 
only in Q FT. In fact, for a classical field theory, first order manifestly covariant 
equations produce an indefinite T 00 if they are fermionic, and an indefinite j °  if 
they are bosonic [Gel’fand, Minlos and Shapiro (1963)]. It is easy to see th a t the 
use of anticom m utators upon second quantisation produces a positive definite
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construct a new relativistic wave equation a priori, w ith different requirem ents 
than  Dirac used?’ Despite the current day acceptance of QED, the use of the 
Dirac equation produces infinities in pertu rbation  theory and there still has been 
no definite physical explanation to justify the infinite renorm alisation required. 
The short distance regime awaits experim ental exploration, and this provides a 
m ajor hope for a resolution of this problem.
The question of using an alternative spin-1/2 equation to resolve the infini­
ties question has been addressed (see the references in the previous section), but 
so far w ithout success. Robson suggested th a t the use of a spin-1/2 relativis­
tic wave equation with indefinite m etric in RQM might: 1) provide the correct 
free particle predictions in RQM, explaining the relativistic degree of freedom in 
term s of the charge degree of freedom of electrons seen in nature; 2) provide a 
RQM description consistent with the possibility of pair production (a state  of 
an electron can create a pair resulting in two electrons and one positron which 
overall should have the original norm alisation +1, and hence virtual pairs can be 
created and annihilated w ithout altering the value of (V’lV’); 3) since indefinite 
m etric equations tend to be of higher order than  the Dirac equation, the prop­
agator should have more powers of the m om entum  in the denom inator, perhaps 
making the Feynman integrals ‘more convergent’. Robson suggested two possible 
candidates for such an equation, including a spin-1/2 analogue of the (indefinite 
m etric) FVO equation. He constructed his spin-1/2 analogue in direct analogy to 
the derivation of the Pauli equation from the Schrödinger equation. The Pauli 
equation is obtained from the Schrödinger equation by the replacem ent of 7T2 
by (cr.7r)2, the replacem ent of n by l27r, and the replacem ent the wavefunction 
V>s(x) by 'ippfa) = ip (a ,ß )T , where (o ,/? )T is a two com ponent (non-relativistic) 
spinor and x)> is similar to ^>s(x). Hence Robson obtained;
field H am iltonian (apart from the vacuum term ) for the Dirac equation, bu t it is 
intriguing nonetheless th a t classical field theory and RQM have negative energy 
states for the Dirac equation
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^l/2(x) Hl/2^1/l(X-)  > ( l . V I I . l )
h 1/2 =
(ih<T.D)2 , ,  „ . 2
(2m ) +
(ihor. D ) 2
( 2 m )
(tfe<T.D) 2 
( 2 m )  
(ih(T. D ) 2 +
( 2 m ) — me
eAol2
0
0
eA0 l 2 1 ’ 
(1.V7J.2)
(1 .V //.3 )
Here (ft, ß)  is again a 2-component (non-relativistic) spinor.
Robson asked me (Septem ber 1991) to a ttem pt to obtain  the relativistic 
energy spectrum  for the hydrogen atom  using equation ( l . V I I . l ) .  I was able 
to derive the exact solution and show th a t the spectrum  obtained was identical 
to th a t obtained using the KGO equation. This result suggests th a t the m ethod 
used to derive equation ( l . V I I . l )  does not include the spin in a relativistically 
correct m anner, as the result obtained is for spin-0 ra ther than  spin-1/2 particles. 
Upon learning of this result, Robson then suggested the addition of ad-hoc spin- 
orbit term s to the H am iltonian # 1 / 2 , in an a ttem pt to  obtain  the same energy 
spectrum  for the hydrogen atom  as th a t given by the Dirac equation. The idea 
was to find term s which might indicate how to obtain a correct spin-1/2 analogue 
of the FVO equation. The conventional spin-orbit term s did not give the desired 
result, however an ad-hoc term  of the form
H! = C (< r.L )/r2 (< r.L )/r2— (<r.L )/r2 —(<r.L)/r2 C' (rz -\-ir2) ® ((o-.lVj/r2) , ( l . V I I A )
was found which produced the spectrum  correct to first order. Note th a t this 
is not a conventional potential term , which would be of the form V  = C 1 2 0  
((<r.L)/r2). This result suggested th a t there were spin term s missing from equa­
tion ( l .V I I .  1), which could not be added by extra  conventional phenomenological
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potentials. It will be shown in section 4.II th a t the correct FV 1/2  equation, when 
expanded in powers of (Z a )2 for small Z a , produces a series of term s with the 
first term  given by equation (1.V I I A ) .  The study of the hydrogen atom  made 
it clear to both  myself and Robson th a t the m ethod of construction of equation 
( l . V I I . l )  needed a careful re-exam ination, something which had in fact already 
been suggested back in January  1990 [Govaerts, (1990)].
A lthough * the replacem ent 7r2 by (<r.7r)2 successfully produces the (non- 
relativistic) Pauli equation, much care m ust be taken when using such ad-hoc 
replacem ents. P articu lar care m ust be given to m inim al couplings for spin-1/2 
particles in the relativistic case [Barone, (1973)], [Costella, (1993)], [Lifshitz, 
Berestetskii and Pitaevskii, (1971)]. There is a far be tte r m ethod to constructing 
spin-1/2 relativistic wave equations than  by such replacem ents, even though there 
is a relativistic analogue of the replacement 7T2 —>• (< r .7 r ) 2 , which is —»7t2 =
( l ll'Rn ) ( l v'Kv)- This is to derive spin-1/2 relativistic wave equations a priori using 
the correct m athem atical quantities, which are spinor irreducible representations 
of the proper Lorentz group, and their product representations. Such an equation 
will a priori be a manifestly covariant spin-1/2 equation and it is shown in section 
2.I ll  th a t the first order equation constructed using this m ethod is the Dirac 
equation, while the second order equation is the KG 1/2 equation.
The FVO equation is a specific linearisation of the KGO equation, correct 
for spin-0 particles. It is not manifestly covariant, so its sp in-1/2 analogue (if it 
exists) will also not be m anifestly covariant, and hence a priori will not be an 
equation constructed directly using spinor irreps. However, the FVO equation is 
ju s t the KGO equation rew ritten in Feshbach-Villars type notation, so it is natu ral 
to search for the FV 1/2 equation as being ju st the KG 1/2 equation rew ritten in 
Feshbach-Villars type notation. Since the KG 1/2 equation is constructed directly 
from the correct m athem atical quantities, a priori the equation is a promising 
candidate to correctly describe spin-1/2 particles and the problems of ad-hoc
* The rest of this section is w ritten in hindsight after I derived the m aterial 
in chapter 2
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replacem ents such as the m ethod to derive equation ( l .V  11.1) will not be present. 
Hence if a spin-1/2 analogue of the FVO equation is constructed by rewriting 
the KG 1/2 equation in Feshbach-Villars type notation, it will also be a correct 
equation for spin-1/2 particles, providing th a t the Feshbach-Villars linearisation 
procedure is valid for spin-1/2 particles, and produces a valid equation.
VIII. Outline of the thesis
This thesis is not an a ttem pt to justify or fulfill Robson’s suggestion given 
in the previous section th a t there might exist an indefinite m etric sp in-1/2 rel­
ativistic wave equation th a t satisfies the three properties given in the previous 
section.
Given the considerations regarding equation ( l .V  11 .1) in the previous sec­
tion, before any thought is given to satisfying the three properties, the following 
m ust be established:
a) firstly, it is im portan t to find a correct relativistic wave equation. Otherwise 
very little indeed has been achieved.
Then, given th a t there are already a num ber of relativistic wave equations,
b) it is im portan t to compare this equation with existing equations in the liter­
a tu re  to show it is indeed something new.
The existing relativistic wave equations have been studied extensively over many 
years from several different angles. Hence,
c) one m ust establish the properties of the new equation. Does it give the correct 
physical predictions? Can a consistent m athem atical justification of the equation 
be given? Does it produce different answers to the o ther equations?
Perhaps then, the three properties can be reconsidered. However, the following 
should also be taken into consideration:
d) It is crucial th a t an a ttem pt is made to find useful applications for this equation 
in physics. There are many relativistic wave equations in the literatu re  which find 
little  practical use. Sufficient results m ust be provided to present a convenient 
package to physicists for use in im portant applications.
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Many physicists would say th a t the use of the Dirac equation w ith renorm al­
isation in QED overrides the need to satisfy the three properties. Moreover, there 
is a great deal of working knowledge for the application of the Dirac equation in 
m odern physics. Even if it was found th a t there exists an equation th a t satisfies 
a), b), c) and the three properties, would it make any contribution to physics? 
W ould it provide a be tter description of nature? One m ust develop a theory of 
the equation to an extent th a t physicists find it an a ttractive alternative to the 
conventional theory for use in their work.
This thesis is concerned with the motivations a), b), c), and d).
The Dirac equation, its foundations, applications, physical predictions and 
m athem atical formalism in both  RQM and Q FT have been developed over 65 
years by m any eminent scientists. W hile this extensive formalism is a useful 
guide in attem pting  to develop a similar formalism for an alternative equation, 
only so much can be achieved in one PhD thesis. If an alternative equation can 
be found, then one im m ediately asks, ‘can it do this, bu t does it do th a t? ’ There 
have been very m any results and applications of the Dirac equation published in 
the last 65 years, and it is beyond the scope of one thesis to achieve a comparable 
collection of m aterial for an alternative equation. To satisfy the revised m otiva­
tions requires a detailed understanding of a significant p a rt of the Dirac equation 
literatu re  and then much effort to derive the corresponding results for an alter­
native equation. This thesis does not a ttem pt to achieve all th a t is mentioned in 
the revised m otivations, bu t makes some contributions towards this goal. Firstly, 
a correct relativistic sp in-1/2 analogue of the FVO equation is found, which is an 
im portan t step in itself. I derived this equation in Stockholm during July  1992. 
A num ber of results are then presented which represent progress on the ques­
tions of establishing the validity of the new equation as a ‘relativ istic’ QM wave 
equation, showing it is different to the Dirac equation, deriving its associated 
m athem atical formalism, understanding its physical in terpretation , and of using 
the equation in atomic physics. I have not yet addressed the question of second 
quantisation, but ra ther I have concentrated on developing the underlying RQM.
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I hope th a t this thesis lays an im portant foundation for future work in these 
directions.
The preface (to this thesis) is designed to place this thesis into the context 
of physics research and its relevance to the world today.
This in troductory chapter plays several roles. It provides a historical back­
ground to  the subject of relativistic wave equations and its current status in 
physics. It discusses briefly the existing relativistic wave equations and why the 
Dirac equation is widely accepted today. It then asks some questions which 
provided the m ajor p a rt of the initial m otivations for the study of equation 
( l . VI I . l ) .  It describes why the need developed to find an alternative equation 
and what requirem ents this alternative should satisfy. It then gives an outline of 
the results presented in chapters 2, 3, 4, 5 and 6.
C hapter 2 launches directly into the derivations and analysis of the FV 1/2 
equation. Three derivations of the FV 1/2 equation are presented, w ith successive 
derivations at a deeper level of understanding. The FV 1/2  equation is presented 
as a candidate for a spin-1/2 relativistic wave equation in RQM. The theory 
of RQM is a com bination of the special theory of relativity  and of QM. The 
m athem atical form ulation of these two underlying theories is based upon the 
representation theory of the Lorentz group and the theory of inner product spaces 
respectively. The new equation is considered in some detail from the viewpoint 
of these m athem atical theories, bo th  to gain an understanding of its properties 
and to a ttem pt to justify it as a valid RQM equation. The FV 1/2  equation is 
com pared in detail with the Dirac and other RQM equations. The RQM of the 
FV 1/2 equation is then developed.
C hapter 3 focusses on the uses of the FV 1/2 equation and also the physical 
in terpreta tion  of its eight solutions. It provides some significant results which 
are especially useful for applying the equation to atom ic physics.
C hapter 4 presents a study of the hydrogen atom , which represents an ap­
plication of m ajor im portance to RQM. The results obtained are com pared in 
some detail w ith those of the Dirac equation.
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C hapter 5 suggests im portan t further work which m ust be done to develop 
the equation so it can be applied widely in physics.
Finally, in chapter 6, some conclusions are given on the work presented in 
this thesis.
C H A P T E R  2
D erivation s and an alysis o f  th e  F V 1 /2  eq u ation
I. In trod u ction
This chapter contains the derivations and an analysis of the FV 1/2  equation. 
The derivations are presented at three levels.
I first derived the FV 1/2 equation in Stockholm during Ju ly  1992 from 
equation (9.11) (which is the KG 1/2 equation) in Feynm an’s book, ‘Q uantum  
Electrodynam ics’ [Feynman, (1961)]. At th a t tim e my understanding was lim ited 
to the knowledge th a t equation ( l . V I I . l )  was not a relativistic spin-1/2 wave 
equation, the reason being th a t the m ethod of derivation from the FVO equation 
did not ‘include the sp in’ in a correct relativistic m anner. Equation ( l . V I I . l )  
also did not produce the correct hydrogen atom  spectrum . At this stage it was 
not clear w hether there in fact was a correct relativistic wave equation th a t was 
a spin-1/2 analogue of the FVO equation, and even if there turned  out to be 
such an equation, was it only the Dirac equation? Could it be used for physical 
problems? Could a ‘relativistic’ QM formalism be obtained using it? Hence I 
was searching for a correct FV 1/2 equation, but had not yet derived any of the 
m aterial in this or subsequent chapters.
Feynm an’s comment after equation (9.5) [Feynman, (1961)] struck me, as 
suddenly here was an equation (besides the Dirac equation) which Feynman 
claimed was relativistically correct for spin-1/2 particles. Equation (9.11) in 
Feynm an’s book decouples in the Weyl representation of the gam m a m atrices 
into two 2-component equations, one of which is equation (9.5). It was a simple 
m atte r to apply the Feshbach-Villars linearisation procedure to equation (9.5) 
to obtain an equation analogous to the FVO equation. Hence I first derived 
the FV 1/2 equation in the Weyl representation of the gam m a m atrices, initially 
using only one of the two decoupled parts  of the KG 1/2 equation. A lthough this
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derivation turns out to be m athem atically correct, it was pointed out to me* tha t 
the resulting equation was not parity  invariant. I then realised th a t one should 
derive Feshbach-Villars type equations from both  decoupled parts of the KG 1/2 
equation, and then consider both  of them  together as one equation to give a 
parity  invariant equation. At this time Professor B. Laurent suggested th a t I 
should m athem atically analyse the equation before publication in the literature 
and these comments provided the initial m otivations to  begin the analysis which 
ten m onths later has become this chapter.
Hence this chapter begins in section 2.II with my original derivation of the 
FV 1/2 equation from the KG 1/2 equation in the Weyl representation of the 
gam m a m atrices. This derivation provides a simple in troduction to the FV 1/2 
equation. Some initial comments on the resulting equation and how it compares 
to the FVO equation are made.
One im m ediately asks: is this equation valid? is it different to the Dirac 
equation? These questions guided me in my initial analysis of the equation. 
The FVO equation has been established in the literatu re  [Feshbach and Villars, 
(1958)], [Greiner, (1990)] and it is simply the (well accepted) KGO equation 
rew ritten using Feshbach-Villars type notation. The FV 1/2  equation is the 
KG 1/2 equation rew ritten using Feshbach-Villars type notation. To establish 
the validity of the FV 1/2 equation, it is necessary to first show the correctness 
of the K G 1/2 equation. This is done in section 2.I ll by constructing the K G l/2  
and Dirac equations a priori using spinor irreps of the PLG and their prod­
uct representations. The KG 1/2 (and hence FV 1/2) equation is then shown in 
section 2.IV to be essentially different to the Dirac equation by considering the 
solution sets of the KG 1/2 and Dirac equations.
W ith these results it is now possible to give a second derivation of the FV 1/2 
equation **. It is now understood where Feynm an’s equation comes from and why 
it is a correct relativistic spin-1/2 equation. Moreover, section 2.Ill, the section
* by Drs H. Hansson and U. Lindgren
** I achieved this derivation in December 1992.
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on the spinor notation, shows th a t it is the correct equation to derive the FV 1/2 
equation from. Section 2.IV, the section which shows th a t Feynm an’s equation 
is different to  the Dirac equation, is essential because it means th a t the FV 1/2 
equation is something new. If it was only the Dirac equation, one would have to 
seriously ask the question, ‘can there be anything gained from further study of 
the equation?’ The second derivation presented in section 2.V has two essential 
features not present in the first derivation. Firstly, the FV 1/2  equation should be 
w ritten  in a form as close to the FVO equation as possible. The definition of the 
FV 1/2 wavefunction using Kronecker products proves convenient for this p u r­
pose. The second extension of the original derivation is th a t the FV 1/2 equation 
is derived in an arb itrary  gam m a m atrix  representation. Again this derivation is 
m athem atically correct, and again a derivation at a more fundam ental level can 
be presented.
Having come this far, it is necessary to establish the validity and usefulness 
of the Feshbach-Villars linearisation procedure. Up to this point I had generally 
assumed th a t a priori the Feshbach-Villars linearisation procedure was valid, 
based upon the literature [Feshbach and Villars, (1958)], [Greiner, (1990)] and 
the initial work of, communications from, and discussions w ith B. A. Robson*. 
However these references only show th a t the Feshbach-Villars linearisation proce­
dure transform s the KGO equation into an equation in Ham iltonian form. They 
do not show a priori why this m athem atically will work, why a priori this is a 
na tu ra l m athem atical m ethod of constructing a ‘relativistic’ QM wave equation, 
th a t the Feshbach-Villars linearisation procedure will work in the spin-1/2 case, 
or th a t the Feshbach-Villars linearisation procedure indeed produces an equation 
which proves convenient for the study of a single particle minimally coupled to 
a classical external electrom agnetic field. The first three of these deficiencies are 
rectified in section 2.VI, the section labelled ‘The Indefinite M etric Formalism in 
RQ M ’**. This is accomplished using the m athem atics of indefinite inner product
* See the introduction chapter to this thesis
** The fourth problem is addressed in the following chapters.
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spaces and discussing the requirem ents of a ‘relativistic’ QM. The Feshbach- 
Villars linearisation procedure is shown to identically satisfy these requirem ents. 
Conserved currents are constructed for the various equations. It is now possible 
to present in section 2.VII the th ird  derivation of the FV 1/2 equation (which 
I achieved in M arch 1993). The m ajor difference from the second derivation is 
th a t now the FV 1/2  equation is derived a priori using the requirem ents of a 
‘relativistic’ QM and the m athem atics of inner product spaces.
There exist other relativistic wave equations which are linearisations of 
Klein-Gordon type equations. The m otivations behind these equations and the 
equations themselves are compared w ith the Feshbach-Villars type equations in 
section 2.VIII.
The formalism developed proves convenient to study the ‘relativistic’ QM of 
the FV 1/2 equation, and to show it is analogous to the FVO equation. O perators 
and expectation values for the FV 1/2 equation are discussed in section 2.IX. 
Questions of covariance, bilinear covariants, the gam m a m atrix  algebra etc. are 
addressed in section 2.X. The spin-1/2 Feshbach-Villars type equation has eight 
solutions and these are briefly compared in section 2.XI with the solutions of 
the FVO and Dirac equations in the free particle case to  illustrate  an im portant 
difference between the equations.
This chapter is concerned w ith the m athem atical derivations and analysis 
of the FV 1/2 equation. This provides a foundation for further studies on the 
im portan t requirem ent of deriving sufficient results for the FV 1/2 equation to 
make it useful to physics. It is necessary to provide not only the equation, but 
m ethods which allow it to be used simply and correctly for applications in the 
physical world. The next chapter is concerned with developing such m ethods and 
includes studies of the non-relativistic limit of the equation, the stationary  state 
solutions of the minimally coupled equation, and the properties of the equation 
and its solutions under CPT.
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II. A first derivation  o f  th e  F V 1 /2  eq u ation
As m entioned in the introduction to this chapter, the first derivation of 
the FV 1/2 equation is achieved by applying the Feshbach-Villars linearisation 
procedure (equation (1 .11.6)) to (both decoupled parts  of) Feynm an’s equation 
(equation (9.11) [Feynman, (1961)]), which is the KG 1/2 equation in the Weyl 
representation of the gam m a matrices. The K G l/2  equation is [Feynman and 
Gell-M ann, (1958)]
((8^ ) 2 - « 214) ^ kgi/2 = 0 , (2.77.1)
or equivalently
((D l‘D ll + K2) l i + ^ - a ^ F lll,)<i'K G l/2= 0  . (2.77.2)
Using the Weyl representation of the gam m a matrices:
7° =
0
I2
I2
0
0 — O’
(T 07 = l _  „ 1, (2.J/.3)
equation (2 .// .1 )  can be w ritten as two decoupled 2-component equations,
I2 — (tr.D) 2 [Z)0l2 ,(o ’-D)] + K2l2 ] x f  =  0 (2.77.4)
(7?2l2-(<T.D)2 + [7»ol2,(<T.D)] +  K2l 2) 0 F  = 0 (2.77.5)
(where \ F  and ipp are used instead of x  and ip f°  distinguish them  from the x 
and ip used elsewhere); or alternatively,
(Dq12 —  D 212 +  — a . (Ei - f  *B) - f  K212) x f  — 0 5 (2.77.6)
Z 6
(l o^ 12 -  D 212 -  — <r.(E -  iB ) + K2l 2)i>F =  0  . (2.77.7)
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W hen these equations are compared to the KGO equation (equation (1.77.5)), it 
is clear th a t each equation looks similar to  a 2-component KGO equation, with 
an ex tra  term  added. Since the derivation of the FVO equation involves only 
the rew riting of the D q term , the presence of the additional term  in equations 
(2.77.6) and (2.77.7) will not affect the Feshbach-Villars linearisation procedure 
given by equation (1.77.6). Hence to apply the Feshbach-Villars linearisation 
procedure to equation (2.77.6), define analogously to  equation (1.77.6):
The notation (4/^) will become clear in section 2.III. This gives a 4-component 
equation in H am iltonian form, l^ihi^d/ d t) ^ ^  4^, w ith Ham iltonian
^ = ( - 1  - i ) ® ^ - D2l2  +  S ^ E + i B » + m c 2 ( o  •
(2.77.9)
Applying the Feshbach-Villars linearisation procedure to equation (2.77.7) pro­
duces a similar equation. Define again
a, _  J _  ( 0- + («Aj/ k))12vV \  
” >/2 \ ( 1  -  (*A>/k))120f /
(2 . / / . 10)
The notation (4/,j) will again become clear in section 2.III. This also gives a 4- 
component equation in Ham iltonian form, I 4 ih{d /  d t ) ^  ^  =  7/  ^4'^, with Hamil­
tonian
(2.77.11)
The Ham iltonians 77^  and H^ interchange under spatial inversion. In order to 
have an equation invariant under spatial inversion, it is necessary to combine 
the two equations into one equation by considering an 8-component wavefunc- 
tion x/> = (4/£,4/q)T, where and 4 ^  also transform  into each other under
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spatial inversion. Thus one obtains the following equation for the 8-component 
wavefunction ip,
( U i h & - H () 0 n
0 (2. / / . 12)
This equation is my original form of the FV 1/2 equation. The FVO Ham iltonian 
is given here for comparison
ffpvo =  “ L l ®2 ( - 1  - 1 ) + m(?o  - 1 ) + •
R ather than  studying equation (2.I I . 12) directly and how it compares to the FVO 
equation, it is more im portan t to justify the derivation of the FV 1/2 equation at 
a more fundam ental level. This justification will begin in the next section, with 
a study of the KG 1/2 equation.
III . T h e K G 1 /2  and D irac eq u ation s in sp in or n o ta tio n
One of the m ajor questions with the development of the FV 1/2 equation 
m ust be w hether or not the the KG 1/2 equation is a valid starting  point for 
the derivation of the FV 1/2 equation. It is also im portan t to ask if the FV 1/2 
equation is in any way different to the Dirac equation. In this section it is shown 
th a t the KG 1/2 equation is the natu ra l second order equation constructed from 
spinor quantities, while the Dirac equation is the na tu ra l first order equation 
constructed from such quantities. In this sense one does not have to derive the 
KG 1/2 equation by ‘squaring’ the Dirac equation, instead it can be constructed 
a priori. These results, combined with a discussion of the requirem ents of a 
‘relativistic’ QM in section 2.VI, are sufficient to justify  the use of the K G l/2  
equation as the correct starting  point to derive the FV 1/2  equation. In the next 
section the KG 1/2 and Dirac equations are w ritten in s tandard  4-vector notation 
and it is shown th a t these equations are indeed different. This difference is 
studied from the viewpoint th a t the KG 1/2 equation can be considered as both
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the ‘square’ of the Dirac equation {i p  — =  0 and the ‘square’ of the related
equation (i p  +  /c)\I/ =  0.
The K G 1/2 equation is in conventional 4-vector notation ((i If))2 — k 2) ^ k g i /2 =  
0, whereas the Dirac equation is (i p  — These equations will now be
w ritten using quantities constructed from the spinor irreducible representations 
(irreps) of the proper Lorentz group, hereafter referred to as the PLG. The PLG 
is defined here [Gel’fand, Minlos and Shapiro (1963)] to contain rotations in 
3-dimensional space plus Lorentz boosts. The complete Lorentz group (CLG) 
contains the elements of the PLG plus spatial inversion. The two spinor irreps 
(1 /2 ,0 ) and (0 ,1 /2 ) of the PLG are 2-component quantities and here they are 
labelled £a and [Lifshitz, Berestetskii and Pitaevskii, (1971)]. The spinor 
equivalent of a 4-vector is constructed from the product of £a and 0 ^  =  (0^)* , 
and is w ritten V a^ . W ritten as a 2 x 2 m atrix
[ ^ = ( ^ 1 6  y i i )  = « o l2  +  <r.v , (2 ./ / / .1 )
where vM — (vo,v) is a covariant 4-vector. V&ß is obtained from V Qf3 by spa­
tial inversion. P a& is used to denote the quantity  related to by the above 
prescription. In fact
1
[ P ^ ]  =  i(o b l2 +  o-.ö) =  i ( - - l 2 -<T .V ) . (2.777.2)
c ut
A minimal coupling to a classical external electrom agnetic field is introduced 
by the replacement
P A  Hp e g  n a0 _  p e g ----- —  , (2 7 /7 .3 )
he
which is ‘equivalent’ to the minimal coupling
7 P  v4
-> D„ = d„ +  - j f -  . (2 7 /7 .4 )
In fact it has been mentioned several times in the literatu re  [Lifshitz, Berestetskii 
and Pitaevskii, (1971)], [Barone, (1973)], [Costella, (1993)], [Feynman, (1961)]
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th a t care m ust be taken in minimal coupling to both  higher order equations and 
to spin-1/2 equations. Barone and Costella indicate th a t a m inim al coupling is 
a electric charge coupling only, so what happens for spin-1/2 equations? These 
problems are answered by using equation (2 ./ / / .3 ) ,  which includes the classical 
external electrom agnetic field in a way suitable for sp in-1/2 particles (which also 
retains gauge invariance). This works because the resulting equations for spin- 
1/2 particles are constructed explicitly out of the correct relevant quantities, the 
spinor irreps and their products of the PLG. Equation (2 ./ / / .3 )  can be used for 
equations of either first or second order.
Consider a first order partia l differential equation acting on the two irreps
£“ and r/y.
n  , (2 .I II .5 )
=  M J J  .
These are the simplest first order m anifestly covariant equations one can write. 
If equations (2.777.5) and (2.777.6) are combined into a single four component 
equation, one obtains the Dirac equation in the Weyl representation of the gam m a 
m atrices, which is also known as the helicity or spinor representation [Lifshitz, 
Berestetskii and Pitaevskii, (1971)]. In this representation the gam m a m atrices 
take the form given by equation (2.77.3).
The simplest manifestly covariant second order equations are:
= «2r  ,
=  K - 2 r / a  ■ (2
There are two equations, which in fact decouple from each other, bu t transform  
into each other under spatial inversion. Each equation is a 2-component equation 
and has four independent solutions, being second order equations. If one wants
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to use these equations in RQM, (2.III.7) and (2.III.8) should be combined into 
one 4-component equation, as then the whole equation will be invariant under 
spatial inversion as required for electrom agnetic interactions. This combined 4- 
component equation is the KG 1/2 equation in the Weyl representation of the 
gam m a m atrices. The choice of k2 for the constants in equations (2.777.7) and 
(2.777.8) is justified as for free particles
i H n ^  =  P °* P h  =  (2 .J // .9 )
and one obtains the free particle Klein-Gordon equations for the 2-component 
spinors £" and 77^ , (d ^ d M -f «2) l2 ( a = 0 and (d^d*1 +  k2)1 2 TJ^  — 0.
The use of spinor quantities provides a na tu ra l way to derive minimally 
coupled spin-1/2 relativistic wave equations of either first or second order. This 
is useful concerning the problems mentioned earlier in this section with regard 
to minimal couplings of spin-1/2 and second order equations. The results of this 
section clarify th a t the correct second order relativistic wave equation for spin- 
1/2 particles minimally coupled to a classical external electrom agnetic field is 
the KG 1/2 equation. The original derivation of the KGO equation was based on 
E instein’s (free particle) relativistic energy-m om entum  relation —(m e)2 =  0, 
together w ith the ordinary QM replacement pM —> ihd^  and the m inim al coupling 
given by equation (2.777.4). While this m ethod produces the correct relativistic 
second order spin-0 wave equation, it does not work for spin-1/2 particles. In 
the spin-1/2 case one m ust use another result from the m athem atics of E instein’s 
special theory of relativity. The required result is th a t sp in-1/2 equations should 
be constructed from the correct quantities representing spinors as irreps of the 
PLG. As one would expect, the KG 1/2 equation reduces to the KGO equation 
for each component of the wavefunction in the case of free particles.
Using the spinor notation it can be seen th a t while the K G l/2  equation 
decouples into two equations, it is not possible to construct a 2-component first 
order equation due to the fact th a t 11°^ couples the two types of spinor irreps 
of the PLG. The decoupling of the K G l/2  equation occurs only in the Weyl
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representation, where ^ k g i/2 — {i°‘i r1ß)T •
IV . C om p arison  o f  th e  so lu tio n s o f  
th e  K G 1 /2  and D irac eq u ation s
The Dirac equation in conventional notation is:
(i Jp — « )\t = 0 or i =  htty . (2.IV .1 )
‘Squaring’ equation (2 .IV .1 ) gives
{ i ß ) 2V = k2V , (2.IV.2)
which is the KG 1/2 equation. It can be seen th a t if one s tarted  w ith equa­
tion (2 ./V .1), replaced k by — and then ‘squared’ the equation th a t equation 
(2 ./V .2) is again obtained. Let D± be the solution sets to the equations
( i p ± K) * ±  = 0 , (2.IV.3)
and T  be the solution set to equation (2.I V .2). The relationships between the 
solutions of equation (2.I V . 2) and equation (2.I V . 3) are listed below [Cufaro- 
Petroni, Gueret, Vigier and Kyprianidis, (1985)],
D + U D - C  T (2.JV.4)
Vtf_ € V -  3 |^ + € V+ 3 $ +  =  75^ -  , (2./V.5)
V'L <E J F  3 1^+ 6 P+ A € V -  3 $  = -  'Lq, = -^-(i Ip k)^ ,
2k
(2./V.6)
D+ flD_ = { T = 0} (2.IV.7)
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Equation (2.I V .7) tells us th a t the solution set D+ is different to the Dirac 
equation solution set, and equation (2.7V.5) tells us how it differs. Equations 
(2.I V A )  and (2 . I V .6) show th a t not ju st an element of V+ or V -  is an element 
of J- , bu t in general a linear com bination of the two solutions is to be considered. 
From equation (2 . I V .6) one sees th a t there are 8 linearly independent solutions 
to equation (2.7V.2), as any 4' £ T  can be w ritten as a linear com bination of 
elements of D+ and D -  and the sets D+ and D -  are disjoint. The differences 
listed here between T  and V _ are im portant because they show th a t the KG 1/2 
equation indeed differs from the Dirac equation and this indicates th a t the FV 1/2 
equation m ust also be essentially different to the Dirac equation.
V . A secon d  derivation  o f  th e  F V l / 2  eq u ation
Having established the validity of the KG 1/2 equation as a starting  point 
to derive the F V l/2  equation and also th a t the KG 1/2 equation is different 
to the Dirac equation, it is now useful to study the initial derivation of the 
F V l/2  equation a little more closely. The results concerning the KG 1/2 equation 
presented in section 2.I ll prove helpful in the investigation of the F V 1/2 equation, 
and lead to the second derivation of the F V l/2  equation.
In section 2.II the F V l/2  equation was derived in the Weyl representation of 
the gam m a m atrices. This has the advantage th a t the F V l/2  equation decouples 
into two separate 4-component equations in H am iltonian form, w ith H am iltoni­
ans given by equations (2 .// .9 )  and (2 ./ / .  11). It will be seen in a later chapter 
th a t the hydrogen atom  solution requires the use of only one of the equations.
The Ham iltonians given by equations (2.77.9) and (2.77.11) differ from TTpvo 
in th a t they each contain twice as many components as Tfpvo and also in th a t 
they contain a term  representing the interaction of the spin w ith the external 
field. The external electrom agnetic field appears in the well known relativistic 
com binations E  +  zB and — (E  — zB). Under spatial ro tations and boosts these 
complex 3-vectors transform  into themselves, whereas they interchange under 
spatial inversion. These combinations are already present in the second order
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equations (2.77.6) and (2.77.7). The non-relativistic generalisation of the spin-0 
Schrödinger equation to the spin-1/2 Pauli equation [Feynman, (1961)] involves 
the substitu tion
D 2 -4- (<r.D)2 =  D 212 +  . (2.V.1)
he
The relativistic generalisation contains not ju st the m agnetic field, bu t specific 
combinations of the magnetic and electric fields. The wavefunctions th a t the 
Ham iltonians act on are given by equations (2.77.8) and (2.77.10) respectively. 
These are similar to the FVO wavefunction ^ fvo =  (0 5x ) T? except th a t each 
component is m ultiplied by a 2-component spinor. It proves possible to display 
this sim ilarity in a convenient way, as follows. The two equations (2.777.7) and 
(2.777.8) each have a 2-component, wavefunction, which is now w ritten as £ and 
77 respectively. Combined together (in the Weyl representation of the gam m a 
m atrices) the wavefunction becomes ^ k g i/2 — (£»*))• Now, in order to rewrite 
this 4-component wavefunction in Feshbach-Villars type notation, define
where ip is a scalar containing everything in the wavefunction invariant under 
spatial inversion. £0 and rjo each have two components and contain only the parts 
th a t transform  into each other under spatial inversion. Any tim e dependence of 
the wavefunction is contained in ip as the tim e dependence will not be altered by 
spatial inversion. Now using the definition in equation (2.V.2) one can (again) 
define
* =  ( <t>\ =  _L (0 +  ( W o / k ) iI > \
\ x )  y / 2 \ * - ( i D o / K ) i > )
This definition is analogous to equation (1.77.6). The wavefunctions given by 
equations (2.77.8) and (2.77.10) become respectively
* < - ( $ )  " d • <2K4)
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The 8-component wavefunction in equation (2 ./ / .  12) is simply 4 ' f v i /2 =  ( ¥  ®  
fo, ijo)T and equation (2. / / .  12) itself can be w ritten  as
(12 ® ih  —  l 4 ) ^ F V l / 2  — # F V l / 2 ^ F V l / 2 > # F V l / 2  = (2.V.5)
He  = (t3 +  it2)®  ( ^ - ( - D 212 - |-^ < t.(E -|-zB))^  + r 3 (g)(mc2l 2) +  l 2 (8)(eAol2) ,
(2.V.6)
H it =  (r3 +t'r2)<g) ( ^ ( - D 212 -  ^ < r . ( E - i B ) ) ^  +  r3 (g>(mc2l 2) + 12 (8)(eA0l 2) ,
(2.V.7)
where r,- are the usual Pauli matrices.
The FV 1/2 equation will now be derived in an arb itra ry  gam m a m atrix  
representation. Consider the K G l/2  equation (equation (2.77.1) or equation 
(2.77.2)), valid in any gam m a m atrix  representation. Define 4,kgi /2 m  an arbi­
tra ry  gam m a m atrix  representation by ^ k g i/2 — {a i ß ) T ■> where
a
ß
(2.V.8)
and the gam m a m atrices in this arb itrary  representation are 7 = ^ 7wey l^  • 
analogy to equation (2.V.2), define
*KGi/2 = (z) = ^ ( 5 o )  =  ^ * 0  =  ® * 0  , (2.V.9)
where ip is identical with ip defined by equation (2.V.2), as under a unitary  
transform ation of the gam m a m atrices xp will rem ain unchanged.
The wavefunction 4 , f v i /2 m  the Weyl representation is 4fFVi/2 — (^®<^o, ¥(8> 
rjo)T . However for an arb itrary  gam m a m atrix  representation the wavefunction 
^ f v i /2 =  (♦ ® ♦ ® ßo)T is not convenient to display the analogous nature  of
the FV 1/2 and FVO equations.
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There are two factors to be aware of here. One is the use of the definition 
given by equation (2 .V .2 ) or equation (2.V.9), which allows the FV 1/2  equation 
to be w ritten  analogously to the FVO equation via equation (2.V.3).
The other is the fact th a t only in the Weyl representation of the gam m a 
m atrices does the K G 1/2 equation decouple into two 2-component equations. 
There the KG 1/2 equation is first decoupled before the Feshbach-Villars lineari­
sation procedure (equation (2.V.3)) is applied, which produces a block diagonal 
ifpv i/2  given by equation (2.V.5), and ^ff v i /2 becomes (¥ ® £o, ¥ ® r jo )T . In 
an a rb itrary  gam m a m atrix  representation, there is no decoupling and, instead 
of ^ f v i /2 =  (♦ ® ao, ¥ ® ß o ) T -, it. is be tter to define \kpV1 -2 =  ¥ <8> 'ko, with 
given by equation (2.V.9). This preserves the bispinor 'I'o and leads to the 
FV 1/2 equation retaining the term  cr/4I/F^v from equation (2.77.2).
The term
&111'F p v  =  a .E  +  z'27.B, a  =  7° 7, FJ — —75a (2.V.10)
is only convenient to split into 2 x 2  m atrices in the Weyl representation of the 
gam m a m atrices , where
( er.E 0 \  . /  er.B 0 \
(  0 —<t. E J + ! (  0 a . B ) (2.V.11)
(which gives the spin term s in equations (2.77.6) and (2.77.7)). The definition 
^FVi/2 — ^ ® 'I'o does not require to be split into 2 x 2  m atrices.
Consider the definition ^ f v i/2 — ^ ® 'I'o- This makes it possible to  write 
the equation, a conserved current, operators and expectation values in a way 
analogous to the FVO equation, and hence to develop an analogous relativistic 
quantum  mechanics of the FV 1/2 equation. The Feshbach-Villars linearisation 
procedure involves simply rewriting kg 1/2 — (=  ^  ® 'I'o as ip is a single
component object) as \l/pV1^2 — ^ 'I'o, using equation (2.V.3). Note th a t 'I'o
rem ains unchanged by the linearisation process, ^ p v i/2  satisfies an 8-component 
equation (12 ® ^ ^ 1 4) ^ f v i/2 =  ^F V i/2^F V i/2 ’ with
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h2 e
# f v i/2 =  (’ 3 +  *t2)®  ( — ( - D 214 +  -^-<t'“'F(1i/)) + r 3 ®TOc2l 4 +  l 2 ®e^40 l 4 •
(2.V.12)
#FV0 is given here for comparison;
h2
Hyvo = (t3 +  zr2)( — ( - D 2)) +  r 3 m e2 +  l 2eA0 . (2.V.13)
The only change to the FV 1/2 equation (with H am iltonian given by equation 
(2.V.12)) under a unitary  transform ation of the gam m a m atrices is to change the 
c7^v term  in the Hamiltonian. The crMi/ term  is the only one th a t couples c*o and 
/?o, and in the Weyl representation is block diagonal which allows separate 
equations for oo and ßo to be w ritten. These separate equations are simply 
1 ^ ih,[d/ d t) ^ ^  and l 4 ih (d /d t)ty ^  The analogous nature  of
i fp v i /2 and Hfvo is clear. The FV 1/2 and FVO equations are simply the KG 1/2 
and KGO equations rew ritten in Feshbach-Villars type notation. The covariance 
of the Feshbach-Villars type equations is understood because the KG 1/2 and 
KGO equations are manifestly covariant.
V I. T h e ind efin ite  m etric  form alism  in R Q M
This section discusses in detail the Feshbach-Villars linearisation procedure 
and addresses the question; uwhy should one want to  use the Feshbach-Villars 
linearisation procedure in the first place?” The Feshbach-Villars linearisation 
procedure is ju s t a way of rewriting a m anifestly covariant second order in the 
tim e derivative equation as a non-manifestly covariant first order in the tim e 
derivative equation. The result is still the same equation, and given th a t the 
covariance is no longer manifest, why should this procedure be useful? To answer 
this question, one m ust study the formalism of NRQM. In NRQM, a system or 
state  is represented by a vector |^ )  E where l~i is a Hilbert space *. In the
* Actually an extension of 7-i should be used to accom odate states which are
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position representation, the wavefunction ip(x) ls a complex valued function of 
the real variable x and satisfies an equation in Ham iltonian form (the Schrödinger 
equation), ih (d / dt)ip(x) =  H(x)xf(x).  H (x )  is the Ham iltonian and is given by 
(in the case of a minimal coupling to a classical external electrom agnetic field)
- h 2 D 2
H (x )  = — ------+  eA0 . (2.VI.1)
Am
This equation is derived from the non-relativistic energy-m om entum  relation 
7r =  ?r2/ (2 m ), (with =  ( tt/ c, 7r) the mechanical 4-mornentum and p^ = 
7Tn +  (e/c)An  the canonical 4-m om entum ) by the replacem ent —y ifid^ (or
equivalently 7rM —> if iDM). The state  \ip) is tim e dependent in the Schrödinger 
representation. To describe a system at any tim e t in the future, one needs to 
know only H  and \ip(to)}. The probability in terpretation  of a state  \if) represent­
ing a single particle is given by (i/>\tp) = +1, which in the position representation 
becomes — f  j ° d 3x  = +1, where j °  = ip^(x)ip{x). The expectation value
of an operator D is defined by
<n> =
f  if* (x ) f l ( x ) i f (x )d3 
f  i f1(x)i f(x )d3x
(2.VI.2)
Q is H erm itian if &  =  ( fP )T =  0 , and a transform ation U un itary  if = U ~l . 
Herm itian operators have real eigenvalues and expectation values, while unitary  
transform ations preserve the value of the quantity  The definitions here
of \if), /^>(x), (^ ) , & , etc. follow from the m athem atics of inner product
spaces [Pease, (1965)], [Capri, (1985)]. A vector space V  w ith an inner product 
defined on it is known as an inner product space. If w, y  G V,  then (for the finite 
dimensional vector space with unitary  inner product) (w|y) =  (y|w)* =  w*y for 
vectors w and y  defined on the field of complex num bers with w t =  (w*)T. An 
operator D acts on a vector y to give Oy G V.  One finds (w|fiy) =  (Q#w|y)  
for some Q#.  For this inner product, Q# = &  = (D*)T . If Q# = fi, then D
not square integrable, such as plane waves. See for example [Capri, (1985)], [Van 
Eijndhoven and Graaf, (1986)].
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is Herm itian. If y —» y' =  Uy,  Vy 6 V,  then (w'|y') =  (U w \ U y ) =  (w |y) if 
U& =  U ~1(= U * in this case). U is un itary  if U& =  U ~ 1.
A Hilbert space Id is an infinite dimensional inner product space. The space 
L2 w ith representatives f ( x ) which are square integrable functions of some real 
variable x is a Hilbert space and is the model for QM Hilbert spaces 1 [Capri, 
(1985)]. W ith the real variable x being x, the inner product is
(w|y) =  J  w *(x)y (x)d3x  (2.V/.3)
The m athem atical results obtained starting  with these definitions are crucial 
to QM and provide a powerful tool in the application of QM to physical problems.
A general finite dimensional inner product space is defined by (w |y) =  
w^Ky, with K a H erm itian, non-singular m atrix. The space is proper if K is 
positive definite (w^Kw >  0 Vw, with equality only for w  =  0). It is im proper 
(indefinite) if K is Herm itian and non-singular but the quantity  w*K w  is indef­
inite in sign.
Relativistic wave equations are based on the relativistic energy-m om entum  
relation =  (m e)2. The first published relativistic wave equation was the
KGO equation,
(D “D ,  + k 2 ) 4 >  kgo(x ) =  0 . (2.VI.4)
This equation was intended to be a wave equation analogous to the Schrödinger 
equation, retaining as much of the NRQM formalism as possible, bu t using the 
relativistic energy-m om entum  relation. Equation (2 . V I A ) is second order in 
the tim e derivative and so to specify the tim e development of the wavefunc- 
tion requires not only \ip(to)), bu t also (d/dt)\i/j(to)). Moreover, the equation is 
not in H am iltonian form. Yet another question appears, w hat happens to the 
Hilbert space formalism, is it possible to define an inner product and probability 
in terpreta tion  for equation (2 .E /.4 )?
* See the previous footnote
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The choice of the Hilbert space hi out of the possible choices of inner product 
spaces for NRQM is at least partially  m otivated by the existence of a conserved 
current density for the Schrödinger equation. The equation
- P +  V.j =  0 (2.V/.5)
is the well-known equation of continuity, w ith p a density. Such an equation can 
be derived for the Schrödinger equation (ifi(d/ dt) — if ) ^ (x )  =  0 as follows. Form 
the following quantity,
f W ( 1^ - f f ) , H x ) - p ^ - ^ ( x ) ) > ( x )  =  0 . (2.V/.6)
This can be w ritten as, [Greiner, (1989)],
^(V*(x)V>(x)) +  V.j =  0 . (2.VI.7)
Hence ^>*(x)^>(x) is a density, and f  i/;*(x)if>(x)d3x  its integral over all space. 
The quantity  f  t/>*(x)if?(x)d3x  is ju st (ip\il>), the inner product of two vectors in 
a Hilbert space hi, using the position representation.
To search for a similar conserved current density for the KGO equation, one 
proceeds analogously [Bjorken and Drell, (1964)]:
•rKG0(x)(D>, D , + k2)'J'kgo(x ) -  b f  +  k2) * kgo(x ) )  * kgo(x ) =  0 .
This can also be w ritten in the form of equation (2 .V /.5 ), which in 4-vector 
notation is simply = 0. jj<G0 is given by
Jkgo  =  ^ k g o (x ) Ö "  # K G 0 ( x )
K j
= - ( ^ kgo(x)ö ^ kgo(x) -  (D'**kgo(x))*4'kgo(x)) (2 .VI.9)
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This m ethod of deriving the conserved current density is analogous to the m ethod 
of NRQM (equation (2 .V I.6 )), even though equation (2 .V I A ) is not in Hamil­
tonian form. One is seeking to find an equation d^j*1 = 0, with transform ing 
as a 4-vector, given by equation (2 .V /.9) clearly transform s in the correct 
m anner. This is a derivation from QM, not field theory, and so no Lagrangian 
formalism enters into the picture. In any case the conserved current derived using 
the Lagrangian formalism for fields m atches the one derived using the formalism 
of QM.
The zeroth component of given by equation (2 .K /.9) is not positive 
definite. This was recognised imm ediately when the KGO equation was initially 
published indicating th a t j °  is something more than  a probability density. This 
led to the abandonm ent of the KGO equation until after antiparticles were dis­
covered. This problem is mentioned in almost every textbook and it is often 
stated  th a t the equation should also be first order in the time derivative. How­
ever, the fact th a t the Hilbert space formalism is also lost is given less explicit 
a tten tion  of the literature. It is not possible to w rite J  J a'Go^3* the form 
('LkgoI'Lkgo) =  f  4>]<GO(x)K'I>KGo(x)d3x as j °KG0 contains not only the quan­
tity  ^ kgo(x ), but also D ° ^ f kgo(x ), being
Jkgo =  1 ('Lkgo(x )L>°^kgo(x ) -  ( 0 ° * kgo(x ) ) * * kgo(x )) . (2.V/.10)
K,
D irac’s equation in 1928 was an attem pt to regain the ‘lost’ formalism of QM 
using a relativistic wave equation. It was a linear equation related to the KGO 
equation th a t had the following advantages: 1) it was a  first order in the tim e 
derivative equation in Ham iltonian form, hence the im portan t tim e development 
of the wavefunction was regained; 2) there existed an inner product formalism 
based upon a 4-component vector in a Hilbert space with
(2.V/.11)
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3) the inner product was positive definite which at the tim e agreed w ith the 
interpretations of experiments; 4) the equation explained the ‘sp in’ of the electron 
and the hydrogen atom  spectrum . However, the negative energy states signalled 
the need for a deeper understanding of the problem.
The initial m otivations for constructing relativistic wave equations in the 
late 1920s were different from those one would make use of today. How does one 
a priori search for a ‘relativistic’ QM wave equation (to describe a spin S  single 
particle) today? The following should be obtained:
1) a first order in the tim e derivative equation in H am iltonian form to provide a 
QM formalism;
2) an inner product formalism based upon an (infinite dimensional) im proper * 
inner product space w ith (t/’lV’) becoming a charge density at the RQM level to 
account for the charge degree of freedom of particles seen in nature;
3) the equation m ust correctly describe the spin S  of the particle and be under­
stood in term s of the representation theory of the Lorentz group;
4) One obvious starting  point in the construction of such an equation is to begin 
with the correct second order equation. This second order equation is constructed 
from the proper m athem atical quantities, which ensures covariance and the cor­
rect inclusion of the classical external electrom agnetic field, and th a t the equation 
reduces to the relativistic energy-m om entum  constraint for free particles **.
These m otivations are somewhat different to those th a t led Dirac to ob­
tain  his equation as a linear equation related to the free particle KGO equation, 
and reflect an increase in experim ental and theoretical knowledge since 1928.
* Similar to equation (2.VT.11), bu t with the wavefunction not necessar­
ily having 4 components and K indefinite, Herm itian and non-singular [Pease, 
(1965)]
** One can ask, why not begin with a first order equation constructed from 
the correct m athem atical quantities, as requirem ent 1) is a first order in the time 
derivative equation. If this was done, then the Dirac equation is obtained, which 
despite all of its successes, is not consistent w ith requirem ent 2).
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Consider requirem ent 4). For spin-0 particles the correct second order starting  
equation is equation (2 .V I A ) based upon = (m e)2 w ith the mechanical
4-m om entum , while it was shown in section 2.I ll  th a t the correct second order 
starting  equation for spin-1/2 particles is the KG 1/2 equation. Both of these 
equations reduce to the relativistic energy-m om entum  constraint for each com­
ponent of the wavefunction in the case of free particles. If the starting  point is 
a second order equation but an equation in H am iltonian form is desired, then 
some m athem atical linearisation procedure m ust be applied to  the second order 
equation. The second and fourth motivations suggest th a t an alternative lineari­
sation procedure to th a t used by Dirac should be considered. Firstly, the desired 
inner product is different to D irac’s. Secondly, he began with a spin-0 second 
order equation, instead of a spin-1/2 second order equation. The reason tha t 
Dirac could be led to a spin-1/2 equation after starting  w ith a spin-0 equation 
is th a t each component of the Dirac wavefunction for free particles satisfies the 
free particle KGO equation. The reason why Dirac could obtain  a positive defi­
nite inner product from an equation which naturally  provides an indefinite inner 
product will be discussed in section 2.VIII. D irac’s m ethod of linearisation was 
to find a first order equation which for free particles could be squared so tha t 
each component of the wavefunction satisfied the KGO equation.
The Feshbach-Villars linearisation procedure (see section 1 .II) involves w rit­
ing the second order equation as two coupled first order in the time derivative 
equations, together the two coupled first order equations are equivalent to the 
second order equation. In the Dirac case, however, the first order equation is in 
general different to the second order equation. Dirac was unaware of constructing 
equations using the m ethods of the representation theory of the Lorentz group 
in 1928.
By starting  w ith the correct second order equation as required by the fourth 
m otivation, then the th ird  m otivation will not be difficult to satisfy.
Reconsider the zeroth component of the Klein-Gordon current:
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/  =  1 ('J'kgoW -D °«,kgo(x ) -  (£>°$KGo(x))*a-KGo(x)) . (2 .V /.12)
This involves the product of ^ kgo(x ) w ith (Z )°^kgo(x ))* , and the product 
of ^ kgo(x ) (Z>0^ kgo(x )). In general [Pease, (1965)] an inner product
(w|w) involves the product of some vector w  with the vector w* (which is w* 
for a one-component vector) w ith some H erm itian, non-singular m atrix  K in the 
middle, (w|w) =  w^Kw. So if one considers (the position representative of) a 
new vector, A(x) =  ( ^ kgo(x ), [iD°/ k) ^ kgo{^))T instead of ^ kgo(x ), then
j°KG0 =  A(x )*KA(x ) with K = ( J  J )  . (2 .V J.13)
Hence the scent ( f  j^G o ^3* ~  (A|A)) of an inner product formalism is, in fact, 
already there. Moreover, is indefinite [Pease, (1965)], and this is accept­
able as one is looking for a charge density (which should take opposite signs 
for eigenvectors representing particles of opposite charge). W hat sort of equa­
tion does A(x) satisfy? M athematically, the answer is simple. Given a second 
order ordinary differential equation for some quantity  X , it can be w ritten  as 
two first order equations, for X  and X *  Hence there appears a two-component
* In fact both  of the KGO and KG 1/2 equations are partia l differential equa­
tions, of the second order in each of the four variables t and x. The Feshbach- 
Villars linearisation procedure is concerned w ith the m athem atical reduction of 
ju st the tim e derivative to first order, as the Ham iltonian form in QM requires 
only the tim e derivative to be first order. Alternatively, it is possible to  m ath ­
em atically rewrite both  the KGO and KG 1/2 equations in first order in all of 
the derivatives by defining D ^ X  and p X  , respectively, instead of X .  Note 
th a t this m ethod does not produce the Dirac equation. This procedure applied 
to the KGO equation gives the five component equation [Lifshitz, Berestetskii 
and Pitaevskii, (1971)]. This equation, however, is not in H am iltonian form, 
as the tim e derivative does not act on all five components of the wavefunction
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equation for the new wavefunction A(x) =  (’I 'kgo(x ), ( i D ° / k )4'kgo(x ))T ■ This 
is a promising candidate for a relativistic wave equation for spin-0 particles, bu t 
from the theory of indefinite inner product spaces [Pease, (1965)] it is shown 
th a t the most convenient form of K is a diagonal m atrix , and an indefinite (also 
H erm itian and non-singular) K can always be ro ta ted  to diagonal form via a 
conjuctive transform ation. Hence define A(x) =  S<9(x), with
s- -L( \  _ \ )  . p ™ ,
A new inner product is obtained, with m atrix
K' = S fKS, K'
0 ( x )  =  75
(1 +  ( iD ° / k))^ 'Kgo(x ) \
(1 -  (iD°/K))'PKGo(x) '  
(2.VJ.15)
0 (x ) is precisely 'Ffvo(x )! Hence the na tu ra l m athem atical construction of an 
inner product space based on the conserved current of the KGO equation leads 
to the FVO equation, using the Feshbach-Villars linearisation procedure. The 
FVO equation given in Feshbach and V illars’ paper [Feshbach and Villars, (1958)] 
satisfies the four criteria mentioned above for a m odern day a priori construction
( ^ kgo(x ), D m^ kgo(x ))t . If this procedure is applied to the K G 1/2 equation, 
one obtains an 8-component equation, [Petroni, Gueret and Vigier, (1988)], which 
is not the FV 1/2 equation. This 8-component equation will be considered in sec­
tion 2.VIII. W hile this alternative procedure appeals relativistically due to it 
treating  the four space-time variables on an equal footing, the Feshbach-Villars 
linearisation procedure appeals if an inner product formalism is desired, as the 
zeroth component of the Klein-Gordon currents derived here contain only ’F kgo 
and D ° ^ kgo- It tu rns out th a t it is m athem atically possible to construct both  
an indefinite and a definite j °  for the K G l/2  equation, the reason for this will 
be discussed in section 2.VIII. This thesis is concerned w ith the indefinite j° ,  
due to the second m otivation for constructing ‘relativ istic’ QM wave equations 
discussed above.
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of a relativistic wave equation which describes spin-0 particles. In their paper 
they diagonalise the Ham iltonian by making a Tvunitary, Foldy-W outhuysen 
type [Foldy and W outhuysen, (1950)], transform ation of the FVO equation to the 
diagonal ‘free particle representation’, and it is trivial to show this transform ation 
also preserves the convenient diagonal form of K'. The requirem ent of the KGO 
equation of knowing | a n d  (d /d t ) a t  some initial tim e t = to is replaced 
by the norm al QM requirem ent of knowing the |<9(to)), the (FVO) wavefunction 
at tim e o^-
The diagonal form of an indefinite inner product is often the best for phys­
ical in terpretation. The Feshbach-Villars linearisation procedure transform s the 
second order in the time derivative KGO equation into an ordinary QM equation, 
w ith the sign degree of freedom of the energy from E instein’s energy-m om entum  
relation being replaced by a charge degree of freedom, which is seen in nature. 
The expectation values of the Ham iltonian are always positive definite for free 
particles. Manifest covariance is lost, bu t because the FVO equation is only the 
KGO equation rew ritten using new notation, the FVO equation m ust still be co- 
variant. The m athem atics of indefinite inner product spaces can then be used to 
construct the K '-H erm itian  operators, K '-u n ita ry  transform ations etc, which is 
discussed in section 2.IX.
Before proceeding further, some comments are appropriate. The Feshbach- 
Villars linearisation procedure appears quite natural, so why hasn ’t it been used 
more often in the literature?
Firstly, such a procedure was contradictory to the experim ental evidence 
seen in 1926 with no antiparticles. The success of the Dirac equation has over­
shadowed a need to find a relativistic wave equation for sp in-1/2 particles based 
upon the Feshbach-Villars linearisation (or any other) procedure. The fact th a t, 
upon second quantisation, the Dirac equation does produce a charge density and 
positive definite field Ham iltonian combined with the successes of the Dirac equa­
tion in QED and atomic physics have led many physicists to be content w ith the 
Dirac equation. Nevertheless, when the Dirac equation is used as a QM equation
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in atomic physics, the problem  of continuum  dissolution occurs [Sucher, (1984)] 
and reference to QED is necessary to overcome this problem  caused by the neg­
ative energy states of the Dirac equation. One can ask, if the Dirac equation 
may not a priori be the best spin-1/2 equation for RQM, bu t ra ther a spin-1/2 
equation derived from the KG 1/2 equation using the Feshbach-Villars linearisa­
tion procedure is a priori better, why does the Dirac equation gives such good 
answers in atomic physics and QED? This and other questions will be addressed 
later in this thesis.
The Feshbach-Villars linearisation procedure has been justified for spin-0 
particles. For spin-1/2 particles, one m ust s ta rt w ith the KG 1/2 equation. The 
conserved current density for the KG 1/2 equation is derived in a similar m anner 
to the conserved current density for the KGO equation (equation (2.V7.8)). How 
does one a priori construct a conserved current density for a RQM wave equation? 
Consider a wave equation of the form Fxj>(x) = 0, where F  transform s as a scalar. 
Note th a t equations (2.11 .1), (2.77.2), (2.V7.4) and (2.I V .3) are all of this form. 
An equation of the form =  0 is sought, and is a scalar. An inner
product formalism (which one is heading for) requires (ifl'ip) =  /  ^ (x )K ?/> (x)d3x 
(in the position representation) with the density part of this being */d(x)K”0(x), 
i.e. the product of some vector with the complex conjugate transpose of the same 
vector w ith a non-singular H erm itian m atrix  sandwiched in the middle. Hence 
it is na tu ra l to  form the quantities ^ ( x )  m ultiplied by JF^(x), and (F ip {x)y  
m ultiplied by if(x) .  order to obtain products which transform  as scalars, 
a m atrix  A is inserted to give ^ ( x ) A F ^ ( x )  and (F ^ (x ))^ A ^ (x ). These will 
transform  as scalars if ^ ( x ) A ^ ( x )  transform s as a scalar. The sum or difference 
of these products is then taken in order to form the divergence of a 4-vector. One 
m ust check th a t j*1 indeed transform s as a 4-vector, which is trivial if one knows 
how ^ (x )  transform s. The KGO conserved current density given by equation 
(2.V7.9) transform s as a 4-vector, as 'I 'kgoM  is a scalar. Here A =  1. The 
Dirac equation has F  = i p  — k , and A =  70. The quantity  ^ ( x JA T ^ d M  
is simply ^ ( x J ^ T i ^ / d t )  — 77d ) ^ d (x ), w ith the Dirac Ham iltonian 77d given
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in [Bjorken and Drell, (1964)]. The relativistic procedure used here reduces for 
the Dirac equation to the same result for an equation in H am iltonian form used 
(equation (2 .V I .6 )) to derive the conserved current density for the Schrödinger 
equation *.
To construct the conserved current density for the KG 1/2 equation, equation 
(2.77.2), A is again 7 0, as \&k g i/ 2(x ) 1S also a  bispinor. C onstruct the quantity
+  «2)l4  +
-  ( ( ( / > " £ „  +  k 2 ) 1 4 +  V * K G 1 / 2 «  =  0. (2 .V /.16)
This can be w ritten simply as — 0, with
^ K G l / 2  =  ( ~ ) ^ K G 1 / 2 ( X ) ^  ^  ^ K G 1 / 2 ( X )
=  i ( « ’l<Gl/ 2 (X h 0 £ ' ' ‘ ^ K G l / 2 ( x )  -  ( ß " ' I ' K G l / 2 ( x ) ) , 7 0 ^ K G 1/ 2 ( x ) ) .
The definition 'I'kgo =  ® ^0 given in section 2.V can now be used
to conveniently define the FV 1/2 inner product. W ith  this definition j°KGl/ 2 
becomes
i S U /2  =  (1 )(V’*(x) D° ^(x))(*o(x)*o(*)) • (2.VJ.18)
To obtain an inner product formalism the Feshbach-Villars linearisation proce­
dure is applied to the KG 1/2 equation. C onstruct
Ai/2(x ) (  ^ K G l  / 2  ( x )
V(zD 0/ k)'Fkgi/2(x ) ( (iÄ ( x ) ) ® ^ o(x) ’ (2-V / -19)
Refer also to the discussion following equation (1.77.15).
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and perform the same conjuctive transform ation as in equation (2 .U /.1 5 ) to 
obtain
A i / 2 (x ) =  5 i / 2 ® i / 2(x ) =  (5  (8) 14)<91/2(x ) , (2.V I . 20)
w ith S  given by equation (2.V I .  14) as before. The inner product for Ax/2(x),
(Ai / 2|A1/2) =  f  A}/2(x )K 1/2A1/2(x)d3x  =  / ( At (x )K A (x ))(^ 0(x)1 'o(x))d3x,
(2.V7.21)
is given by
K 1/2 =  K ® 7 ° = ( °  ,
while the inner product for © i /2(x) is given by
K'1/2 =  K '<g,7° =  ( j  _°1) ® 7 °  • (2 .V /.23)
0 ] / 2(x) is precisely the FV 1/2 wavefunction 4,pV1/,2(x) =  ¥ ® and
(01/2|@i/2) — (^ FVl/2 I^ FVl/2) — /^ V1/2(X)K'1/2^ V1/2(X)^ 3x
=  / ( » t (x )K 'l '(x ))(^ o (x )^ o (x ))( i3x (2.VI.24)
defines the inner product for the FV 1/2 equation.
The Feshbach-Villars linearisation procedure has been shown to be a na tu ra l 
m athem atical procedure which can be applied to the KG 1/2 equation as well as 
the KGO equation. Using this result it is now possible to  present a th ird  derivation 
of the FV 1/2 equation.
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V II. A th ird  derivation  o f  th e  F V 1 /2  eq u ation
Consider the construction of a spin-1/2 wave equation for RQM. The equa­
tion is to be derived for a ‘relativistic’ QM, hence it should be a relativistic wave 
equation in Ham iltonian form, which provides a formalism analogous to th a t of 
NRQM. This formalism includes an inner product, the Ham iltonian should play 
the role of the time-development operator and the equation should be able to be 
used for problems of a single particle minimally coupled to a classical external 
electrom agnetic field. The inner product should provide a probability in terpre­
ta tion  with the added requirem ent th a t the charge degree of freedom of the 
single particle should be taken into account. The equation should be able to be 
understood simply in term s of the representation theory of the Lorentz group. 
For free particles, the equation should be consistent w ith E instein’s free particle 
energy-m om entum  relation.
A simple and natu ra l m ethod of construction of such an equation is to be­
gin w ith m anfestly covariant equations constructed from spinor irreps and their 
products of the PLG. The first order equation constructed via this m ethod is 
the Dirac equation, as mentioned earlier in section 2.III. This satisfies all of the 
requirem ents except th a t the inner product does not become a charge density 
until the equation is used in a theory with revised concepts and motivations, 
quantum  field theory. The second order equation constructed via this m ethod 
is the KG 1/2 equation, which is the correct relativistic second order equation 
for spin-1/2 particles minimally coupled to a classical external electrom agnetic 
field, and reduces to E instein’s energy-m om entum  constraint for free particles. 
It is the analogue of the KGO equation and the correct starting  point from which 
to apply the Feshbach-Villars linearisation procedure. It has been shown in sec­
tion 2.VI th a t the Feshbach-Villars linearisation procedure is a na tu ra l way to 
derive a ‘relativistic’ QM equation in Ham iltonian form with the required inner 
product formalism from a second order Klein-Gordon type equation. Hence the 
Feshbach-Villars linearisation procedure will be applied to the KG 1/2 equation
2. Derivations and analysis of the FV1/2 equation 50
to produce the desired spin-1/2 ‘relativistic’ QM equation. 
Consider the KG 1/2 equation,
((D“Dl l+ K2)U + ^-a>" 'Fll„)<5!KGi/2(x) = 0 . 
To apply the Feshbach-Villars linearisation procedure, define
^ F V 1 / 2 ( X )
(  4>(x) ^ 1 / ( 1 +  (*0°/fc))l4^KGl/2(x) \
\x ( x ) /  v/2 U 1 -  (iDk g i/2(x ) 1
Equation ( 2.VIA) can be w ritten as
(2.VII.2)
- i K D ° l 4(<j>(x) -  x (x )) +  ( ( - D 2 +  k2)14 +  +  x (x )) =  0 ,
(2.VII.3)
while equation (2.VI I . 2) gives
(<MX) -  x (x )) =  (iD°/K)U(<f)(x) +  x(x)) 
Rearranging these equations gives:
(2.VII.4)
D°U{<f)(x) -  x (x )) =  - Z A C  1 ( ( - D 2 +  ac2 ) 1 4 +  ^ a ^ F ^ ^ x )  +  x(x)) ,
(2.VII.5)
D°U(ct)(x) +  x(x)) =  —zac14(</>(x ) -  x(x)) • (2 .V //.6 )
Taking sums and differences of these equations gives
d n e
l 4ih— 4>(x) = — ( - D 2l 4 +  — <t'“'F(j )^(</>(x ) +  x (x )) +  (me2 +  eA0) l 4<?i(x),
(2.VII.7)
Uth{x) = ~ L {- D2U + W c (Tf“'Flll,)(<t>(x)+x(x)) +  + ey l0) l 4x(x).
(2.VII.8)
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Notice the sim ilarity of this procedure with the derivation of the FVO equation 
given in section 1 .II (and [Feshbach and Villars, (1958)]). Equations (2 .V I I .7 ) 
and (2.V 77.8) can be w ritten  as one 8-component equation in H am iltonian form 
with Ham iltonian
h2 e
H f v i / 2  =  (r3 +  i r2) <8> ( —  ( - D 214 — <7/4l'F,il,)) +  r3 ® m c2l 4 +  12 ® eA0l 4,
(2.V77.9)
and wavefunction (0(x), x (x ))T . This 8-component equation is the FV 1/2 equa­
tion. Given the form of 7fpV1y2, which splits into a Kronecker product of a 2 x 2 
m atrix  w ith a 4 x 4 m atrix  for each of the three term s, it is prudent to a ttem pt 
to rew rite the wavefunction as the Kronecker product of a 2 rowed and a 4 rowed 
column vector. This splitting in the H am iltonian is due to the Feshbach-Villars 
linearisation procedure treating the four components of the bispinor which forms 
the KG 1/2 wavefunction on an equal footing*. The 2 x 2  m atrices in 77pV1/,2 
represent the effect of the Feshbach-Villars linearisation procedure, these m atri­
ces are identical to those seen in TTpvo- The 4 x 4  m atrices in # f v i / 2  represent 
the term s derived from the K G 1/2 equation acting on the bispinor. Since the
* Note th a t in the original derivation of the FV 1/2 equation given in section 
2.II, the Feshbach-Villars linearisation procedure was applied to the 2-component 
wavefunction £a and separately to the 2-component wavefunction rjß. For the 
wavefunction £a , the Feshbach-Villars linearisation procedure trea ts  both  com­
ponents on an equal basis, and hence the 4-component wavefunction ^ ( x )  ob­
tained from it is of the form ^ ( x )  =  V ® £0 , given by equation (2.V.4), which 
is the same as equation (2.77.8). As mentioned in section 2.V, it is only in the 
Weyl representation of the gam m a m atrices th a t the K G 1/2 equation decouples, 
and there it is convenient to apply the Feshbach-Villars linearisation procedure 
to the separate 2-component second order equations. However, for an arb itrary  
gam m a m atrix  representation, there is no decoupling, and it is be tte r to apply the 
Feshbach-Villars linearisation procedure to full 4-component KG 1/2 equation.
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Feshbach-Villars linearisation procedure preserves the bispinor, the 4 x 4  matri­
ces acting on them are also preserved. Hence the obvious choice for the FV1/2 
wavefunction is a Kronecker product of some 2 rowed column vector related to 
the Feshbach-Villars linearisation procedure and the bispinor, which is a 4 rowed 
column vector. The two rowed column vector ^ fvo(x) is defined by equation 
(1.77.6), with 'Fkgo(x ) transforming as a scalar. Hence the corresponding 2 
rowed column vector for the FV1/2 wavefunction must be derived from some 
scalar of the KG1/2 wavefunction. Since the KG1/2 wavefunction transforms as 
a bispinor, it is simple to rewrite it as the product of a scalar and a bispinor. 
Such a product of a single component scalar with a bispinor is also a Kronecker 
product. The required scalar contains everything in the wavefunction invariant 
under spatial inversion, transformations of the PLG and transformations of the 
gamma matrices. Explicit examples of this can be obtained for free particles from 
the results of section 2.XI, and for the hydrogen atom from equation (4.777.2) 
**. Hence define
^KGl/2 (x) =  V>(x)^o(x) =  V’(x) ® *o(x), ^pvi/2(x) =  'f'(x) ® ^o(x).
)
where
• |2V7'“ >
The definition (2.V77.10) is exactly that given just prior to equation (2.V.12), 
and leads to the FV1/2 equation given by (I 2 ®z7i Jyl4)4/pV1/,2 =  # fvi/ 2 ^ fvi/ 2 ’ 
with Hamiltonian given by equation (2.V.12).
The derivation presented here follows closely the method given by Feshbach 
and Villars to derive the FVO equation [Feshbach and Villars, (1958)]. It is also 
possible to present the derivation with an emphasis upon the method of obtaining
** In each case the scalar in ^ kgi/ 2 (x ) — is readily obtained
from ¥(x) using equation (2.V77.11).
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the inner product mentioned in section 2.VI. For completeness, this m ethod will 
now be summarised.
Consider both  the KGO and K G 1/2 equations. The zeroth component of the 
conserved current density contains in both  cases a product of the wavefunction 
w ith the conjugate of (the (minimally coupled) tim e derivative of the wavefunc­
tion) and the conjugate of this product. To write this as an inner product it is 
necessary to define a new wavefunction, given by A(x) and Ax/ 2(x) in section 
2.VI for spin-0 and spin-1/2 respectively. This requires the Klein-Gordon type 
equations to be rew ritten as equations w ith double the num ber of components. 
To obtain the inner product in the most convenient form, a conjuctive transfor­
m ation is perform ed, given also in section 2. VI. The use of the Kronecker product 
definition reinforces explicitly the sim ilarity of this procedure for the two cases. 
After the conjuctive transform ation is perform ed on the equations, the FVO and 
FV 1/2 equations are obtained. For the spin-0 case, the definition of the time 
derivative of the wavefunction is given by $4 in [Feshbach and Villars, (1958)]. 
The conjunctive transform ation is then given by Feshbach and V illars’ definition 
of <f> and x  from 4/ and ^ 4.
It was m entioned earlier th a t there are other linearisations of the second 
order Klein-Gordon type equations. They will now be considered and compared 
to the Feshbach-Villars linearisation procedure.
V III . V arious lin earisation  p roced u res app lied  to  
th e  secon d  order eq u ation s
This section is to present some results which compare the m ethods of ob­
taining first order equations from the KGO and K G l/2  equations. The follow­
ing equations will be considered: the Dirac equation, the FVO equation, the 
FV 1/2 equation, the 5-component spin-0 equation, and an 8-com ponent equa­
tion [Cufaro-Petroni, G ueret, Vigier and Kyprianidis, (1984-8)]; which will be 
denoted as the (Cufaro-Petroni)-G ueret-K ypriannidis-V igier or CGKV equation 
for the purposes of this discussion. Among these equations, the Dirac equation
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is unique in the sense th a t it is not simply a second order equation rew ritten 
using other notation. The Dirac equation is different to the KGO equation. 
The m ethod of derivation of the Dirac equation is well known (see for example 
[Bjorken and Drell, (1964)]), and will not be discussed further. The FVO equa­
tion and the 5-component equation are bo th  linearisations of the KGO equation. 
The m otivation for deriving the FVO equation has already been shown to  be to 
obtain an inner product formalism based upon the conserved current density of 
the KGO equation. It is a 2-component equation w ith inner product given by
(^FVol^FVo) =  j  4'FVo(x)*K,I'FVo(x)d3X, K  =  r 3 . (2 . V I I I . I )
The m otivation for the construction of the 5-component equation is to have a 
m anifestly covariant first order equation for spin-0 particles. The only possible 
form of this equation [Gel’fand, Minlos and Shapiro (1963)] involves a wave- 
function which has one component transform ing as a scalar and the other four 
components transform ing as a 4-vector. This suggests th a t there are redundant 
components and the inner product is
( ^ 5 | ^ 5) =  J <f3x ^ ( x ) K * 5(x),
**(*)
f  ^ K G o ( x )  \  
( * 0 7 * ) t f  kgo(x ) 
(i D 1/ ^  kgo(x )
(iD2/ K) * KG0(x)
\ ( zD 3/ ac) ^ kgo(x ) /
K  =
/ 0  1 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
Vo 0 0 0 o /
(2.VIII.2)
The 5-component equation is equivalent to the KGO equation. The 5-component 
equation is not in H am iltonian form as the tim e-derivative acts only on the first 
two components. Hence it is not a suitable equation to construct a ‘relativistic’
QM.
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The FV 1/2 and CGKV equations are linearisations of the KG 1/2 equation. 
The m otivation for the FV 1/2 equation has already been discussed, w ith an inner 
product formalism and ‘relativistic’ QM for spin-1/2 particles appearing n a tu ­
rally based upon the conserved current density for the KG 1/2 equation derived 
in equation (2 .V  1.17). The CGKV equation is an alternative 8-component first 
order equation, which is derived from a different conserved current density for the 
KG 1/2 equation. Some reasons for the possibility of various conserved current 
densities for the KG 1/2 equation will now be discussed.
In a series of papers [Cufaro-Petroni, G ueret, Vigier and Kyprianidis, (1984- 
8)] , the derivation of the CGKV equation as a linearisation of the KG 1/2 equa­
tion is presented. Their initial motivations are to present the KG 1/2 equation 
as the na tu ra l spin-1/2 relativistic generalisation of the Schrödinger equation, 
and they comment th a t the Dirac equation to them  is a bit unsatisfactory as it 
excludes part of the solution space of the KG 1/2 equation. They wish to use the 
KG 1/2 equation as a starting  point for a causal stochastic theory for spin-1/2 
particles, a theory which requires a second order equation. In their papers, they 
derive a num ber of conserved current densities for the KG 1/2 equation. In their 
later papers, they write the K G 1/2 equation as the CGKV equation, and con­
struct the equivalent of the gam m a m atrix  algebra for 8-spinors. Their m ethod 
of construction of the CGKV equation follows from their conserved current den­
sities, and now it will be shown why they can obtain different conserved current 
densities to the one used in this thesis.
The conserved current density for the KG 1/2 equation used in this thesis is 
given by equation (2.V /.17), and is
l K  =  l K G l / 2  =  ( ^ K G l / 2 ( X b 0 D *  * K G 1 / 2 ( X )  • (2 .V III .3 )
In the first of their papers [Cufaro-Petroni, G ueret and Vigier, (1984a)] , they 
present the conserved current density
it = it + iS ( 2 . V I I I A )
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i f  = & ,  iS  = ( l/(2 « ))9 ,(^ K G l/2 (x )t 7 V '“, ^K G l/2(x)). (2 .V I I I .5 )
j f  and j£  are separately conserved and j°  is indefinite. However, in the fourth 
paper [Cufaro-Petroni, G ueret, Vigier and K yprianidis, (1986)], they find an 
alternative conserved current density given by:
j ;  =  ( l /2 )( ( l /K 2) (^ K G ./2(x))t7V(^^KGl/2(x))
+  1 'K G l /2 ( x ) t 7 0 7 ' ‘ ^ K G l / 2 ( x ) ) .  (2
Note th a t their notation has been converted to th a t used in this thesis. How is 
it possible for them  to have found a conserved current density w ith a positive 
definite zeroth component, after their earlier discussions which indicate th a t j® 
is indefinite? In their papers, they construct the different conserved current 
densities by considering different Lagrangians which all give the KG 1/2 equation 
as a field equation. There is a much easier way to see th a t both  j f  and jjf exist, 
using a result independent of any Lagrangian formalism *.
Consider equation (2 . I V . 6), which shows th a t for any solution ^,k g i/ 2(x ) — 
^  of the KG 1/2 equation, then there exist related solutions of the first order 
Dirac equations (z If) ±  =  0:
G jF  3 |'I '+ <E V+ A G T>_ 9 T =  -  $ + , =  —  (z If) q= /c)\I>,
2 tz
( 2 .V I I L 7 )
The conserved current densities for the first order Dirac type equations 2.IV.3 
are given by
=  '^(xbV'Mx) •
I was led to derive this result by a statem ent on page 130 of [Pease, (1965)].
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Note th a t j±  is positive definite. By substitu ting  equation (2 .V  111 .7) into 
equation (2 .V //J .8 ) , two conserved current densities can be obtained in term s of 
the KG 1/2 wavefunction. The zeroth component of the sum /difference of these 
densities is respectively positive-definite/indefinite. It tu rns out th a t the sum is 
precisely while the difference is precisely . Hence the result th a t there exist 
conserved current densities w ith either a positive definite or an indefinite j °  for 
the KG 1/2 equation follows from the fact th a t two related 4-component equations 
have separately conserved current densities. This is another m anifestation of 
the less restrictive dynamics of the KG 1/2 equation (see also section 4.I ll  and 
the next chapter). In [Pease, (1965)] it is m entioned briefly (page 130) th a t 
the existence of a positive definite and an indefinite inner product indicates the 
existence of invariant quantities w ithin the quantity  described by the abstract 
vector, and th a t the form ation of an inner product is chosen by the physics of the 
system described. The indefinite inner product is chosen in this thesis because a 
charge density is sought, which is indefinite.
The CGKV equation is derived by developing an inner product formalism 
from j!p. It is noted th a t j?  ^  but ra ther the sum of j 1^  and a spin dependent 
current j %. W hich is correct to use, and are they equivalent? For states of fixed 
Pp (plane waves) jIf = 0. For stationary  states, j ° =  0, indicating th a t for all 
physical problems with stationary  states, = j®, and hence all results based 
upon this are equal. The attem pted  physical explanation [Cufaro-Petroni, Gueret 
and Vigier, (1984a)] for j  £ is th a t it represents some sort of extension in 3-space 
of the system described by the wavefunction. is derived in analogy to the 
m ethods of derivation of the KGO, Dirac, and Schrödinger equations, while j f  
is derived by using the relation of the KG 1/2 equation to the first order Dirac 
equations.
One can ask, does the conserved current density for the CGKV equation 
appear more natura l than  the one for the FV 1/2 equation? K  for the CGKV 
equation is d ia g (l4, l 4), while an equivalent one if j?  was used for the CGKV 
equation would be d ia g (l4, —14) =  t3G> 14. Note th a t this equivalent one requires
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the use of a conjunctive transform ation of the form equation (2.V /.14) with 
5  —> S  ® I4 to ro ta te  K  to diagonal form. If no conjunctive transform ation is 
made, then the wavefunction remains the same as the CGKV wavefunction, and 
K  —* K i ® I4, where K i is the K  given in equation (2 .W .13) . K  for the FV 1/2 
equation is 73  (8)7°. The difference between the inner products is easily seen, the 
70 is included in the definition of the CGKV wavefunction, which is given by
•  p - v m -s >
Since K  for the FV 1/2 equation is Herm itian and non-singular, it satisfies all the 
necessary requirem ents of an indefinite inner product [Pease, (1965)].
It has been shown th a t j?  can be w ritten as a sum of two conserved current 
densities. Is it possible to do the same thing for jg?  I have tried to do this, 
bu t have been unable to find such a result. Perhaps if such a result could be 
obtained, then a positive definite j °  for the FV 1/2 equation might be able to be 
obtained. However, the m ethod of construction of the conserved current density 
is unrelated to the existence of the first order Dirac equations and so there 
is no reason to believe th a t such a result exists. Even if it did exist, then this 
thesis chooses the indefinite j°K .
A part from the Dirac equation, the first order equations considered in this 
section are ju s t second order equations rew ritten using other quantities. It follows 
th a t the conserved current density used for a given second order equation becomes 
the conserved current density for the first order equation. However, this is not 
the case for the Dirac equation, which obtains a positive definite j °  whereas the 
equation Dirac started  from in his derivation has indefinite j °KGl/2- The reason 
is simple, the Dirac equation is not the KGO equation rew ritten  in term s of other 
quantities and so the conserved current density of the Dirac equation bears no 
relation to th a t of the KGO equation.
The relationship between the CGKV equation and the FV 1/2  equation has 
been presented here. This completes an analysis of the FV 1/2  equation and its 
m ethods of derivation. It is now tim e to develop the FV 1/2  equation for use in
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physical problems.
IX . O p erators and ex p ec ta tio n  values for th e  F V 1 /2  eq u ation
Some formal m athem atics of the Feshbach-Villars linearisation procedure 
using inner product spaces has been given. The explicit indefinite inner product 
for the FV 1/2  equation will now be considered and the RQM derived from it will 
be discussed.
In sections 1 .II and 2.VI it was m entioned th a t NRQM is based upon the 
use of (an extension of *) Hilbert space. In the position representation, the 
wavefunctions have inner product given by (ip\t/>) =  f  if*(x)ip(x)d3x.  A
wavefunction i f (x)  is normalised if = +1. Dynamical variables are rep­
resented by H erm itian operators and the average of m any m easurem ents of a 
dynamical variable on identically prepared systems is given by
which equals
/Q\ = = J>*(x)fl(xMx)<f3x
(V>|0) /  V,*(x)V,(x)d3x (2 .7X 1)
(rl>\$h/>) =  J  ip* (x)Q,(x)xp(x)d3 x (2. IX.2)
if norm alised wavefunctions are used.
The generalisation to RQM is an extension of the inner product (ip\ip) to
(V#) = J  V>*(x)K0(x)<f3x , (2 .7X 3)
where K is a finite dimensional H erm itian and non-singular m atrix  and -0(x) is 
now a finite dimensional column vector. The com ponents of t/>(x) contain the 
charge and spin degrees of freedom present in RQM. How does one extend the 
revised definition of the inner product to other quantities in the QM formalism?
To enable non-square integrable functions such as plane waves to be used
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It seems plausible to apply the m athem atics [Pease, (1965)] of finite dimensional 
inner product spaces th a t have an inner product given by (w |y ) =  w ^K y  **.
[Heitler, (1941)] and [Feshbach and Villars, (1958)] discuss (ft), pseudo­
unitary  transform ations and pseudo-Herm itian operators for the FVO equation. 
Their definitions m atch the results given in [Pease, (1965)] for indefinite finite 
dimensional inner product spaces. Consider first the m athem atics [Pease, (1965)].
Consider a finite dimensional indefinite inner product space V w ith vectors 
w ,y  6 V and inner product (w |y) =  w ^K y. K  is a finite dimensional, non- 
singular, Herm itian and indefinite m atrix. An operator ft acts on w  to give 
9 w  £ V. ft is K -H erm itian (pseudo-Herm itian) if
(ftw |y ) =  (w |fty ) , (2.IXA)
or ft*K  =  K ft. A transform ation U is K -un itary  (pseudo-unitary) if
< w V >  -  (Uw\Uy) = (w |y ) , (2 .7X 5)
or CftK =  K U ~ l . Finally,
(w |fty ) -  w fK(f ty)  =  w fK f t y  . (2 .7X 6)
A complete set of self-conjugate vectors has
(w j I w,') =  w - K w ,  =  otiSji , (2.1 X.  7)
for some real num bers a{. These are (maximally) norm alised when a* =  ±1 . It
is not possible to obtain ai = -f 1 for all of the complete set of self-conjugate 
vectors, due to the indefiniteness of K . To (maximally) norm alise a complete set
** See also the discussion in chapter 5 which presents an initial study on the 
possibility of writing the RQM space as a direct product of a finite dimensional 
vector space containing the charge and spin degrees of freedom and the NRQM 
Hilbert space.
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of self-conjugate vectors, consider first the norm alisation of w „  which is achieved 
by dividing by \ J (w* |w j). Thus, the quantity  w JK w  ^ is divided by the complex 
num ber N  =  y j (w^ |w ,) for w^, and by iV* for w t. Since N * N  is always real and 
positive, then the sign of a* cannot be changed by the norm alisation. The most 
th a t can be done in the norm alisation is to obtain a , =  ±1 , and hence the term  
‘maximally norm alised’ is given to a complete set of self-conjugate vectors with 
a, =  ±1.
The connection of the m athem atics w ith RQM is achieved by considering 
each component of a RQM wavefunction V’(C )  f°r a particu lar value of £  as one 
element of the column vector w (£), where w (£) is the representative of w , and 
w is an abstract vector in the finite dimensional inner product space V.
For the FVO equation, the inner product is thus given by equation (2. V I I I . 1)
( ^ fvoI^ fvo) =  J  ^FVo(x)^K ^FV o(x)d3 X, K  =  7-3 . (2.IX.8)
An operator D, is 7 3 -H erm itian (pseudo-Herm itian) if f i ' 7 3  =  A transfor­
m ation U is Tvunitary  (pseudo-unitary) if = t^U ~ 1. The Ham iltonian
is easily shown to be T3 -Herm itian and to play the role of the time-evolution 
operator [Feshbach and Villars, (1958)]. The literatu re  on the FVO equation 
(for example [Feshbach and Villars, (1958)], [Hehler, (1941)], [Greiner, (1990)]) 
w ithout exception defines
( Ü )  =  J  4'FVo(x)t r 30(x)^FV o(x)d3x . (2./ J O )
This obviously assumes the use of normalised wavefunctions, as there is no term  
in the denom inator similar to th a t discussed regarding equations (2 . I X . 1 ) and 
(2 . I X .2 ). Given th a t the literature then always obtains (H)  =  + E  for free 
particle solutions (see also section 2.XI), this requires the use of
1 m)V (2 ./X 1 0 )
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if unnorm alised wavefunctions are used. It is easy to show th a t, by its m ethod 
of construction from the KGO wavefunction, ’Ffvo(x ) is always a self-conjugate 
vector. The definition (2.IX.9) then corresponds precisely to the use of m axi­
mally normalised self-conjugate vectors discussed above, as follows. If 'I'fvo(x ) 
was unnorm alised, then apply the m athem atics given after equation (2.I X . 7) to 
normalise the quantity  (0 ) from equation (2.I X . 9). This requires the division of 
(0)  by y j ( ^ fvoI^ fvo) and also by y j ( ^ fvoI^ fvo) • Hence equation (2.I X . 9 ) 
should be divided by | \Z (^ fvo | ^ fvo) |2? which, since ( ^ fvoI^ fvo) is real (r3 is 
H erm itian), is equal to |( ^ |^ ) |.  Hence the definition (2.IX.9 ) of (D) and the 
result (H) = + E  for the FVO equation are consistent w ith the m athem atics of 
finite dimensional indefinite inner product spaces.
For the FV 1/2 equation, one obtains
i°FV 1/2 =  *PVl/2 t (x )r4 ^FVl/2 (x ) =  (*t (x )'r3«'(x))(^o(x )^o(x)),
where r 4 — r 3 (g) 70
and
(2.IX.11)
{M)f V 1 / 2  =  F V l / 2 t ( X ) r 4 ^ ( x ) ^ F V l / 2 ( X ) c ? 3 x  » (2. I X . 12)
if ^ p V1^2(x) is m aximally normalised (if it is not, then the right-hand side of 
equation (2.I X .  12) must be divided by | f  ^FVi/2*(x )T4^FV i/2(x )^3 x i)- For 
operators fi(x) th a t are able to be w ritten as a Kronecker product Q(x) =  fl(x)<S> 
Oq(x ), equation (2.I X . 12) becomes
( t y p v i / 2  = J  (^t (x )fi(x )^ (x ))(^ 0(x )^ o (x )^ o (x ))d 3x . (2.I X . 13)
An operator is r 4-H erm itian if r 4f2^r4 =  $2, and a transform ation U is r 4-unitary  
if r 4f / l r 4 =  U ~ l ( t4 =  r 4 =  r 4_1). # p V1/,2 is easily shown to be r 4-Herm itian,
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by using properties of the Kronecker product (A  <g> B)^ = and (A  (g)
B ) (C  ® D) = (A C ) <g> (B D ), which are valid here as the elements of A  and C  are 
c-numbers, and the dimensions of the m atrices are appropriate.
T*H FV1/2T* =  (r3<r3 + *r2)tr*) ® (7 ° (2 ^ ( -D 2l 4 + 7°)
+(■>3^X 3) ® (7 ° ( m l4)t70) +  (T3( l 2)t r 3) ® (7°(e>lol4)t70) , (2 ./X 1 4 )
which equals # p Vl/ 2, as =  7 °(Tmi/7°. Hence # p Vl/ 2, analogously to  ifpvo, 
plays the role of the tim e transform ation operator. Hence a quantum  mechanical 
formalism similar to the FVO equation [Feshbach and Villars, (1958)], can be de­
veloped, for example (d f t / d t ) = d/dt(D).  The velocity operator for free particles 
is given by Vk =  ((r3 +  zr2)(pj t /m))  (g) I 4, which is closely related to the velocity 
operator of the FVO equation, which is, Vk = ((t3 +  *r 2)(pjfc/m)) [Feshbach and 
Villars, (1958)].
It was noted in section 2.VI th a t the Feshbach-Villars type wavefunctions 
are obtained from wavefunctions A(x) by a conjunctive transform ation. While 
the Feshbach-Villars type equations are the most convenient way to display the 
inner product, one can also write equations for the wavefunctions A(x). Per­
forming the transform ation S  given by equation (2.V /.14) on the FVO equation 
and correspondingly on the 2 x 2  m atrices in the FV 1/2 equation, one obtains: 
z/ijj 12A(x ) =  H \ A(x), with
—h2 T) 2
H \  = (ri — zr2) ( —-------) +  r i m e 2 +  12eA0 , (2.IX.15)
2m
which can be com pared w ith the FVO H am iltonian given by equation (2.V.13). 
The H am iltonian corresponding to # p V1/ 2 is H ai/ 2:
h2 e
H \ 4/2 =  ( n  -  t r 2)®  ( —  ( - D 214 +  — <t'“'F mi/)) +  77 ® m c2l 4 +  12 ® eA 0l 4 ,
(2 ./X 1 6 )
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and satisfies the equation I 2 ®i h f ^  l 4 A1/ 2(x) =  # ai/ 2 ^ i / 2 (x )-
One could develop an analogous RQM to th a t for the Feshbach-Villars equations
using equations (2.7X.15) and (2.I X .16). Here the inner product m atrices K are
given respectively by equations (2.V7.13) and (2.VI.22). However, it appears
th a t the Feshbach-Villars inner product is more convenient as there K is (block)
diagonal.
X . A s tu d y  o f  th e  F V 1 /2  eq u ation  using  
th e  rep resen ta tion  th eo ry  o f  th e  L orentz group
One of the advantages of using the Dirac equation is th a t it is manifestly 
covariant. The Feshbach-Villars linearisation procedure produces an equation 
th a t is covariant, bu t no longer manifestly so. This section is designed to show 
how to deal w ith this facet of the FV (Feshbach-Villars) type equations. The co- 
variance of the KGO equation (equation (2 .V I A )) is manifest, and the covariance 
of the K G 1/2 and Dirac equations (equations (2.77.1), (2.77.2) and (2.7V. 1)) is 
also manifest once it is understood how the wavefunctions and gam m a matrices 
transform . Knowing th a t transform s as a 4-vector if xp is either the Dirac
or K G l/2  wavefunction is enough to ensure the (manifest) covariance of these 
equations. Another, perhaps easier, way to see the covariance of these equations 
is to use the spinor notation studied earlier in this chapter.
W hat happens to the FV type equations under a Lorentz transform ation? 
The Feshbach-Villars linearisation procedure chooses a particu lar inertial refer­
ence frame by its use of 7)°4 ,kgo- Hence to Lorentz boost the FV type equations 
does not make sense, the Lorentz boost m ust first be perform ed on the KG type 
equations (which is trivial) and THEN the Feshbach-Villars linearisation pro­
cedure applied. Hence the FV type equations can indeed be obtained in any 
inertial frame, it is only necessary to select the inertial fram e before applying the 
Feshbach-Villars linearisation procedure to the KG type equations. The simplic­
ity of converting between the KG and FV type equations and the ease of perform ­
ing Lorentz boosts on the KG type equations make this a trivial procedure. The
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Feshbach-Villars linearisation procedure is not affected by 3-dimensional spatial 
rotations, and so these can be perform ed on either the KG or FV type equations 
w ith identical results.
W hat happens to the usual bilinear covariants, the gam m a m atrix  algebra, 
gauge invariance, discrete symmetries etc? A bilinear covariant of the Dirac equa­
tion is a product of Dirac wavefunctions w ith gam m a m atrices th a t transform s in 
some well recognised way under the PLG [Bjorken and Drell, (1964)]. For exam ­
ple ^ 0 7  ^4/d , transform s as a 4-vector. Similar quantities can be formed for the 
FV 1/2 equation as follows. The FV 1/2 wavefunction is an 8-component object 
while the gam m a m atrices are 4 x 4  matrices. However ^ f V1/ 2 =  ^ 4/o and
so the corresponding bilinear covariant to 4' d7 /XvI'd is where
transform s as a scalar, uj is easily found to be 73(73 +  ir2). For a given 
bilinear covariant of the Dirac equation, the corresponding bilinear co­
variant of the FV 1/2 equation is ( ^ 7 - 3 ( 7 3  +  z r 2 ) ^ ) ( 1I , o r 4 ' o ) -
The gam m a m atrix  algebra is also simple to understand. A unitary  tran s­
form ation of the gam m a m atrices affects only the 'I'o part of (this is how
'I'o is defined) and the cr^" term  in the F V 1/2 Ham iltonian given by equation 
(2.V.12). It is unitary, because the pseudo-unitary transform ations refer to the 
other part of the wavefunction Due to the identical transform ation proper­
ties of \ko and 'I'd , the results of the gam m a m atrix  algebra can be applied to 
the FV 1/2 equation in the same way as their application to the Dirac equation. 
Gauge invariance is manifest due to the use of the correct (see section 2.Ill)  m in­
imal couplings throughout. The discrete symmetries C, P and T will be treated  
in the next chapter.
XI. The eight solutions
This chapter has concentrated on developing the formal m athem atics of 
the FV 1/2 equation. It has been shown th a t the inner product for the FV 1/2 
equation is indefinite, bu t is it a charge density? W hat does it m ean physically? 
This section provides an introduction to the physical m eaning of the FV 1/2
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equation’s inner product.
This brief discussion applies only for free particles. A more general discussion 
for stationary  states of particles moving in a classical external electrom agnetic 
field will be given in the next chapter.
The two free particle solutions of the FVO equation are
* +  =
— ik .x and \fr _ =
2 m e2
- E -
E+
-\-ik.x (2 .X  1 .1)
where E ± = E ± m c 2. The quantity  j °  for \I/+ is opposite in sign to j °  for \I/_ and 
thus W-i- and \I>_ are interpreted [Feshbach and Villars, (1958)] as representing 
particles of opposite signs of charge.
The free particle solutions of the FV 1/2 equation are solutions of the equa­
tion
^  ^ 2  ^72
( I 2 ® ih  —  \ =  ( ( t 3 +  ir2 ) ® ( ----2m 4 ) +  r 3 <g> (m e2l 4))>I'pV1/2 .
The wavefunction ^ p v i / 2  =  and the two possibilities for $ are identically
and At- from equation (2.X I . I ). There are four independent choices of \P0, 
which will be w ritten  in the Weyl representation of the gam m a matrices:
0- =  -  1 ( (E + l2 + c<r.p)w \
K’io J  s / l  nü?E/Ve"s(£;+ l2 -  c<r.p
Here w is a normalised two-component spinor in the rest frame and
(2 .X  1.3)
■■(E+12 ±  C (T .p) ( 2 . X I A )
\J  Amc2 E+
boosts it into an arb itrary  frame for £o and rjo respectively. The role of S is im­
portan t and separates the FV 1/2 and KG 1/2 equations from the Dirac equation. 
One can in general choose two values of S to construct a set of four solutions for 
tfo, which for convenience are taken to be S = 0 and n. This choice is not affected
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by which of the solutions for $ is used. These choices of 8 lead to opposite signs 
for and hence (for a given ¥) opposite signs for j ° .  The values of j °  for
the eight solutions are given below:
¥ 8 * 0 ^ 0 f j ° d 3x
0 +E/(mc2) +  1 +  1
7r +E/(mc2) -1 -1
0 - E  /  (me2) +  1 -1
7r - E/ (mc2) -1 +  1
(2 .X 1.5)
The eight free particle solutions of the KG 1/2 equation can be w ritten  corre­
spondingly as ^ k g i/2 =  V5 ® ^o , with the same 'I'o and =  exp[q=zfc.x]. These 
solutions contain the sets of free particle solutions of bo th  the first order equa­
tions 2.IV.3. The two first order equations (i Jp ±  k ) ^ ±  = 0 individually restrict 
the solution set from eight to four solutions by choosing 8 =  0 for and 8 = n 
for xp±  respectively. The restricted set of solutions for ( i  Jp  — k ) ^ _  =  0, the Dirac 
equation, is the subset of solutions of the KG 1/2 equation w ith positive definite 
j ° . Consider again the eight solutions of the FV 1/2 equation. If 8 was chosen to 
be only a single value, then j °  would become a charge density analogous to the 
spin-0 Feshbach-Villars equation and the eight solutions would be restricted to 
four, two from V -  and two from D+. If instead 8 was chosen to be 0 for xp+ and 
7r for z/>_, then again the eight solutions would be restricted  to four, the solution 
set of the Dirac equation.
This section completes the chapter on the derivations and analysis of the 
FV 1/2 equation. The FV 1/2 equation has been derived at three levels of under­
standing. It has been considered using some m athem atics from the representation 
theory of the Lorentz group and also from the theory of inner product spaces. It 
has been compared with other existing relativistic wave equations. The following 
chapter provides some results designed to aid the passage of the FV 1/2 equa­
tion from a formal relativistic wave equation to an equation useful to m odern
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physics. After the m aterial in the next chapter is presented, a study is made 
of the hydrogen atom  which represents the first m ajor application of the FV 1/2 
equation.
C H A P T E R  3
The use of the F V 1 /2  equation in physical problems
I. In tro d u ctio n
This chapter is concerned with the application of the FV 1/2  equation to 
physical problems in RQM. It aims to provide some insight into the eight solutions 
of the FV 1/2  equation and how they are to be used for physical problems of a 
single particle minimally coupled to a classical external electrom agnetic field. 
It begins with a background discussion in section 3.II to briefly indicate why 
it could be expected th a t there are only four solutions to physical problems 
using spin-1/2 relativistic wave equations. Then follows a discussion in section 
3.I ll  of the non-relativistic limit and a simple charge conjugation argum ent for 
the FVO and Dirac equations to illustrate how the solutions are described via 
the equations; and how they compare to w hat is observed in natu re  (particles 
and antiparticles). This discussion is extended in section 3.IV to the FV 1/2 
equation w ith the corresponding results given. An example of a classical external 
electrom agnetic field is used in section 3.V to illustrate  the m aterial presented.
The K G l/2  and Dirac equations are then in section 3.VI studied formally 
as RQM equations from the viewpoint of C PT. The KG 1/2 equation, ra ther 
than  the FV 1/2 equation, is used because of the manifest covariance of the 
KG 1/2 equation. It is shown how the results can be easily applied to the FV 1/2 
equation. The main result of this study is th a t the KG 1/2 equation perm its a 
greater choice of Cty, Tty and Pty than  the Dirac equation, and this greater 
freedom can be used to select certain subsets of four of the eight solutions which 
rem ain invariant under C PT. One can choose a subset of four solutions invariant 
under C PT  which behaves according to the Dirac description (the existence of 
negative energy states), or one can alternatively choose a subset of four solutions 
which behaves according to the Feshbach-Villars description (j° becomes a charge 
density). It is shown th a t such a choice can always be m ade for stationary  states
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of a single particle moving in a classical external electrom agnetic field. This 
result is discussed in term s of using these subsets for physical problems.
II. T h e nu m ber o f  so lu tio n s
One expects on physical grounds to have a relativistic spin-1/2 wave equation 
w ith four solutions to describe the spin and charge degrees of freedom seen in 
nature. The Dirac equation indeed has four solutions, describing degrees of 
freedom in the spin and sign of free particle energy. The FVO equation has 
two solutions, with opposite signs of f  j ° d 3x. In general, wave equations of 
relativistic quantum  mechanics provide hints of the existence of antiparticles in 
nature, which physically means a degree of freedom in the sign of the internal 
charge(s) of the particle. Although it is conventionally believed th a t only Q FT 
can correctly describe this degree of freedom, there is nevertheless a hint of this 
at the RQM level in the doubled solution spaces of the FVO and Dirac equations. 
In the development of the FV 1/2 equation one is led to the necessity of using an 
equation with eight solutions. This is because the K G 1/2 equation, which is the 
correct relativistic second order spin-1/2 equation, has eight solutions, and the 
FV 1/2 equation is simply the KG 1/2 equation rew ritten in Feshbach-Villars type 
notation. M athem atically this occurs because there exist two different spin-1/2 
irreps of the PLG and they m ust both  be included in a parity  invariant equation. 
This combined with the need to make a second order relativistic wave equation 
which reduces to the Klein-Gordon constraint for free particles dictates how the 
KG 1/2 equation is constructed, giving a four-com ponent second order equation 
which necessarily has eight solutions. In the spin-0 case a parity  invariant second 
order equation can be constructed using only one scalar irrep of the PLG, and 
hence the KGO equation is a one-component equation w ith only two solutions.
Given th a t there are eight solutions, the question is, how are they to be used 
in physical problems?
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III . T h e n on -rela tiv istic  lim it and C 
for th e  FVO and D irac eq u ation s
The purpose of this section is to establish the properties of solutions of the 
FVO and Dirac equations, and how the relativistic degree of freedom in these 
equations relates to the degree of freedom seen in nature. Consider the FVO 
equation first, w ritten as in equation (2.15) of Feshbach and V illars’ paper:
D 2(0 +  x) +  (mc2 +  eA0)(f) , (3.77/.1)
ut Zm
i h %  = ^ V 2(<t> + x )  + ( - rn c 2 + eA0)X . (3.1 I I . 2)
A charge conjugate wavefunction (<f>CiXc)T is sought th a t satisfies these equa­
tions w ith eAp replaced by —eA ß. Consider the complex conjugate of equations 
(3.777.1) and (3.777.2);
- i h ^ f  = - t f - D ' 2 (<(>'+x ’ ) + (rnc2 + eA0)<f>' , (3.1 I I . 3)
at Zm
= + x ‘ ) + (~rnc2 + eA0) x '  ,
where D' =  —V — i e A / { h c ) if D  =  —V +  i eA / (hc) .  If <f>c = X*•> X c  = 4>*•> then 
equations (3.777.4) and (3.777.3) reduce to equations (3.777.1) and (3.777.2) 
w ith eA^  replaced by —eA^.  Hence (<t>c,Xc)T — r i(0* ,X *)T 1S the charge con­
jugate wavefunction to (</>, x ) T (Ti are the usual Pauli m atrices).
Consider now stationary  state  problems and a solution to equations (3.777.1) 
and (3.777.2), ^  =  (</>, x)T — (^o^Xo)7" e~lEt, where in the limit of the external 
field vanishing, E  > + m c2 (note th a t the 1/h  in the exponential will be left off 
throughout this chapter for clarity). This solution has
J  j°d 3x  = J(\d>o\2 -  \xo\2)d3x  = +1 and (3.1I I . 5)
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The eigenvalue of H  is also +E.  The charge conjugate solution
=  e ' Et
with /  j ° d 3x  =  / ( |x o |2 - | ^ o | 2)<i3x  =  - l  and (H) = + E .  (3 .//Z .6 )
role of eigenvalues and expectation values in RQM. In NRQM, the eigenvalues 
of an operator are the possible results of a m easurem ent of the corresponding 
physical quantity  of the system. The expectation value is the average over many 
such m easurem ents perform ed upon identically prepared systems. In RQM, the 
relativistic degree of freedom complicates this. A ttem pts to describe w hat hap­
pens in the relativistic case are given in the literatu re  (for example [Greiner, 
(1989)], [Feshbach and Villars, (1958)], [Hehler, (1941)], [Foldy and W outhuy- 
sen, (1950)]) (see also section 2.IX and chapter 5). One should also consider the 
fact th a t NRQM clearly distinguishes the roles played by space and time, and 
this m ust be re-examined in a relativistic treatm ent [Costella, (1993)].
The general belief in the literature is th a t the expectation values of an oper­
ator in RQM make some physical sense, whereas the eigenvalues m ust be treated  
w ith more caution *. Consider a system with its state  vector being a particular 
eigenstate of some operator $7. W hen using the Dirac equation, it is found th a t 
the eigenvalue of 0  is the same as its expectation value, as in NRQM. W hen 
using the FVO equation, the eigenvalue of will be the same sign as its expec­
ta tion  value for the f  j ° d 3x  =  +1 solution, and opposite in sign for the (charge 
conjugate) f  j ° d 3x  = — 1 solution.
For the FVO equation it has been seen th a t (</>o,Xo)T e~tEt has (H) = + E  
and f  j ° d 3x  = +1; and &c = (</>oc, Xoc)Te+lEt has (H) = + E  and f  j ° d 3x  = 
— 1. W hat is the physical in terpretation of this?
Before this discussion is continued, a few comments will be m ade on the
The discussion in this chapter uses this in terpretation
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Let (</>o, Xo)T e~lEt be a stationary  state  of a ‘particle’ w ith energy E  and charge 
e moving in an external potential AM. Then ^ c  =  (</>oc?Xoc)T e^ lEt is a s ta ­
tionary state  of a ‘particle’ w ith energy E  and charge — e moving in an external 
potential —AM. This is justified as follows. As m entioned before, the eigenvalues 
of operators (with stationary  states as eigenvectors) for states of negative j °  are 
opposite in sign to the expectation values. The quantity  —eA^ is such an opera­
tor and —eAp its eigenvalue, hence (—eA^) =  -\-eA^. Since j °  has changed sign, 
so physically has the charge e, and hence physically A M m ust have also changed 
sign. The operation of Ti^t* is essentially only a rearrangem ent of the original 
equations, and the expectation value of the H am iltonian stays the same. Phys­
ically, it is a change from a ‘particle’ w ith charge e moving in A^  to a ‘particle’ 
with charge — e moving in — AM; which is the same relative physical situation. 
One would expect the relative behaviour to be m aintained because the physical 
motion of a ‘particle’ with energy E  and charge e moving in A M cannot be dif­
ferentiated from a ‘particle’ with energy E  and charge — e moving in — A^,  only 
j °  will tell the difference.
For free particles, the ‘other solution’ (</>q, Xo)7^ 1* X t°  the equation satisfies 
the properties of the charge conjugate solution to Xo)T e~tk'x • However in
the case of stationary  states in external fields, the ‘o ther solution’ {4>o, Xo)T e*et 
to the equation with the original minimal coupling is NOT the charge conjugate 
solution to (<^ o, Xq)T e ~ l E t ■ In general, for a given eA^ in the equation, there must 
be two solutions, which for stationary states are (0o, Xo)T e~lEt and (<f>q, Xo )T . 
These are simply a ‘particle’ of charge e and energy (H ) = -\-E moving in a given 
A^;  and a ‘particle’ of charge —e and energy (H) = -fe moving in the same 
given A^. In general, E  ^  e because physically the states are different-they 
correspond respectively to opposite relative signs of charge to A^. For example, 
if for (spinless) atom s the e~lEt solution is a (spinless) electron in the (attractive) 
field of a proton, then the e+iet solution is a (spinless) positron in the (repulsive) 
field of a proton.
Hence, to summarise, the FVO equation is used for physical problem s as
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follows:
Consider a ‘particle’ w ith charge e and stationary  state  energy (H ) =  -\-E 
(in the limit of vanishing external fields, E  > m e 2) moving in a given A /i. To 
find the ‘particle’s’ energy and wavefunctions, one takes equations ( 3 .777. 1) and 
( 3 . / / / . 2) w ith the correct physical eA^  pu t in and replaces iTi by + E , and 
solves for E  and 4/ =  (</>o, X o ) T  e ~ t E t  •
The wavefunctions and energy spectrum  for a ‘particle’ w ith charge — e moving in 
the physically opposite A M are given simply by the charge conjugate wavefunction 
4/ c  — r i ( (f)o'iXo)Te+lEt and the energy spectrum  is the same as the previous case. 
The wavefunctions and energy spectrum  for a ‘partic le’ w ith charge — e moving in 
the original A M are given by the ‘other solution’ to the original equation and are 
4'' =  (</>o, Xo)Teltt with energy spectrum  -fe (in the limit of vanishing external 
fields, e >  m e 2).
The wavefunctions and energy spectrum  for a ‘particle’ with charge e moving 
in the physically opposite A^  are given simply by the charge conjugate of the 
‘other solution’ wavefunction, ty'c  = Ti(</>o*,Xo*)T e~tet and the energy spectrum  
is the same as th a t of the ‘other solution’.
The non-relativistic limit of the FVO equation supports this in terpretation. 
The non-relativistic limit of the FVO equation should be the spin-0 Schrödinger 
equation
i h lH  = ( _ ^ k D2 +  e A ° W  > (3.//Z.7)
with ij) = ipoe~lEt for stationary  states. Note th a t there exists only one sign of 
the exponential** (in the limit of vanishing external fields, E  > 0). Hence one can 
expect to find non-relativistic limits of the FVO equation for 4' =  (</>o, X o ) T e ~ l E t  
and ^'c  =  Ti(</>o*,Xo*)Te~"*c<- These should correspond to a ‘partic le’ with 
charge e moving in external fields ± A p  respectively.
Consider equations (3 . / / / .1 )  and (3.777.2) with (</>, x)T =  (< i^, Xi )Te_imc2<,
** and no sign of antiparticles in NRQM
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where (</>u X i ) T 1S a weakly varying function of time. The non-relativistic limit 
is achieved by considering m e2 as the dom inant term  in the equations. Equation 
(3.7/7.2) gives
*  *  ^ ) 2 d 2 ^  • (3-m '8) 
Hence neglecting Xi in equation (3 ./ / / .1 )  one obtains the Schrödinger equation 
for the wavefunction <f>\. Using a similar procedure for 'F^, one obtains the 
Schrödinger equation with opposite A^  for the wavefunction Xi*- Hence the 
non-relativistic limit is consistent with the in terpretation  of C given above.
Consider now the Dirac equation.
Consider equation (3.29) in [Feshbach and Villars, (1958)], the minimally 
coupled Dirac equation in the standard  representation of the gam m a matrices:
ih*^- = ccr.7r(4> + x) + (me2 + eAo)({) , (3.I I I .  9)
ot
=  c<t.7t(0 +  x) +  ( - m e 2 +  eA0)x • (3. I I I .  10)
Again a 'Fc =  (<t>c,Xc)T is sought th a t satisfies these equations w ith eA^  re­
placed by —eAp.  A simple calculation gives
The need for cr2, the Pauli m atrix, is due to the effect of complex conjugation 
on the spinor irreps £a and 77a buried inside <j> and x  (refer to section 2.III). If a 
stationary  state  solution 'Fd =  (</>o, Xo)T e~lEt represents a ‘particle’ w ith charge 
e moving in a given then it has (H) = -\-E (in the limit of vanishing external 
fields, E  > m e 2). Now the state  'Fd c , given by equation (3 ./ / / .1 1 ) , satisfies 
equations (3 ./ / / .9 )  and ( 3 . / / / .  10) w ith eA^  replaced by —eA^.  However, the 
physical in terpretation  of ’F dc  is different this time. For the Dirac equation, the 
sign of eigenvalues of operators (with these stationary  states as eigenvectors) is
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the same as the  sign of the expectation values, regardless of which solution one 
has. W ith the  in terpretation  th a t, for relativistic wave equations, expectation 
values give the correct physical predictions of the theory one then finds th a t 
the charge conjugate solution has negative energy ((H) = —E),  bu t the same 
charge as the original solution. The quantity  (e A reverses sign under charge 
conjugation, and  since e has not changed sign physically, A^  m ust have. The 
fact th a t Ap  reverses sign here is not suprising, as it also does under charge 
conjugation using the FVO equation (and as a field in Q FT , see equation (3.182) 
in [Itzykson and Zuber, (1986)]). W hat is different between the Dirac and FVO 
descriptions is the physical interpretation of the charge conjugate solution.
For a given physical problem with a given e A M substitu ted  into equations 
(3.7/7.9) and (3.7/7.10) there again will exist the ‘o ther solution’ (in fact there 
are two original solutions and two other solutions, to account for the spin degree 
of freedom). For stationary  states, this ‘other solution’ 'D =  (<f>o, Xo)Tet€t 
represents a negative energy ‘particle’ ((77) =  —e) w ith charge e moving in the 
original potential A /i.
Again charge conjugation m aintains the relative behaviour of the state. This 
tim e however, the reason th a t the relative behaviour between the sign of the 
energy ((77)) and the sign of (eAo) is m aintained because both  the energy and 
(eAo) change sign, whereas in the Feshbach-Villars description neither the energy 
nor (eAo) change sign.
In physical term s the FVO interpretation makes more sense w ith a charge 
degree of freedom, ra ther than  in the sign of the expectation value of the Hamil­
tonian. However, the hole theory is internally consistent if one can accept the 
negative energy sea. It should be emphasised th a t in any case the explanation 
of the existence of antiparticles is currently most transparen t only in Q FT.
The non-relativistic limit of the Dirac equation supports the above in ter­
p reta tion  of the Dirac equation under C. One expects 'I'd =  (</>o,Xo)T e~ lEt 
and ^ dc- =  *72(<^ o*> Xo *)Te~tet to be the candidate wavefunctions for the non- 
relativistic lim it. Indeed, considering equations (3.777.9) and (3.777.10) with
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(0?x )T — (^>1 ? Xi )Te-imc2<, where (<^i,Xi)T 1S a weakly varying function of time, 
then in the non-relativistic limit it is found th a t <f>\ satisfies the Pauli equation 
w ith a m inim al coupling of eA^, and icr2 X1 * satisfies the Pauli equation with 
—eAp.  The charge conjugate of the ‘other solution’ ty'D will be the charge con­
jugate of [a state  w ith (H) = —e and charge e moving in AM], which is a state 
w ith (H ) = +e and charge e moving in — A^.  Hence w ith the reversed mini­
mal coupling in the Pauli equation, AM is reversed physically, which is consistent 
with the above in terpretation  of C. Again only in the case of free particles does 
^D C  =  ^ 'd (and hence also ^ 'q c  =  'I'd )-
Hence, to summarise, the Dirac equation is used for physical problems as 
follows:
Consider a ‘particle’ with charge e and stationary  state  energy (H ) — + E  
(in the limit of vanishing external fields, E  > m e 2) moving in a given A To 
find the ‘particle’s’ energy and wavefunction, one takes equations (3.I I I . 9) and 
( 3 . / / / .  10) w ith the correct physical eAM put in and replaces i f i by + E ,  and 
solves for (positive) E  and ^ d = (</>o,Xo)T e~lLt.
The wavefunctions and energy spectrum  for a (negative energy) ‘particle’ with 
charge e moving in the physically opposite A^  are given simply by the charge 
conjugate wavefunction $ dc  — z7 2(0o>Xo)Te+lE< with the energy spectrum  op­
posite in sign to the previous one.
The wavefunctions and energy spectrum  for a (negative energy) ‘particle’ with 
charge e moving in the original AM are given by the ‘other solution’ to the 
original equation and are ty'D = (0o 5 Xo )T E et and (negative) energy spectrum  — e 
(in the limit of vanishing external fields, e >  m e2).
The wavefunctions and energy spectrum  for a (positive energy) ‘partic le’ with 
charge e moving in the physically opposite A M are given simply by the charge 
conjugate of the ‘other solution’ wavefunction, ^ 'd c  = ®72(^o *•> Xo *)T e~iet and 
the energy spectrum  is opposite in sign to tha t of the ‘o ther solution’; now the 
energy spectrum  is positive.
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IV . T h e  n on -rela tiv istic  lim it and C for th e  F V 1 /2  eq u ation
Consider ( I 2 0 ih,-Q^\±)typyj^  =  -^ fvi/2^ FVi/2’ ^ p v i / 2  =  ^0 'Uo
(section 2.V), w ritten in a form similar to the FVO and Dirac equations given 
above,
=  — ( - D 214 +  +  x)®o +  (m e2 + ,
(3./V.1)
Ö H2 e
U i h ^ X * o  = — ( — D 214 + c r ^ F ^ )^  + x)^o + {—me2 +  eAo)l4X^o
(3./V.2)
Again a ’I 'c  is sought th a t satisfies equations (3 ./V .1) and (3 ./V .2) w ith eA^ 
replaced by —eAM. Upon taking the complex conjugate of equations (3./V .1) 
and (3 ./V .2) and noting th a t (a <g) b)* = a* ® 6*, a search is m ade for r  and T 
such th a t — T^* 0  T'I'q. t is found to (again) be Ti, and T satisfies
T (J ^ * T - i  =  _ (Jnu (3./V.3)
As for the Dirac equation, a specific gam m a m atrix  representation m ust be chosen 
to find r  (a C PT  argum ent valid in an a rb itrary  gam m a m atrix  representation 
will be presented later in this chapter). For consistency the s tandard  represen­
ta tion  is chosen and one finds th a t (again) T = i'y2 satisfies equation (3./V .3). 
However, since [75, cr v^] =  0 , then T =  i7s72 is also a solution to equation 
(3 ./V .3). Hence there are two (and only two up to the usual phase) different 
charge conjugate wavefunctions 'he .
^ C d  =  (n**) 0  (*72^S), * c /  =  ( r i * * ) 0 ( z 7572^ )  , (3./V.4)
both  satisfying equations (3./VM ) and (3 ./V .2) , w ith eA^ replaced by —eA^. 
The subscripts d and /  will now be explained.
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The state  cd has
J  Jcdd3x = J  (V i¥ * )t T3(ri¥*)) ((z72^ S )t 7°(z72^ J ) ^ 3x 
=  J  ( - ( * ^ 3 * ) )  (-(^ O ^ o ))c? 3X
7>v * ■ (3./V.5)
^ Cd has the same charge e as the original state  and since for stationary  states 
Cd — ^ Cdoe+tEt if \Ef =  ^ o e ~ lEt, then the eigenvalues and expectation values of 
H  are both  negative. It corresponds to the Dirac description of C in RQM. (eA^) 
will reverse as it has changed in sign in the equation (for the Dirac description 
the sign of eigenvalues relative to expectation values for the relevant operators 
is always the same). Hence ^ c d  is a ‘particle’ of charge e, energy —E,  moving 
in the physically opposite 
The state  ^ c f  has
moving in the physically opposite A Hence the Feshbach-Villars description 
applies to ^ c f  •
Hence the im portan t result is th a t depending upon how T is chosen one can 
obtain  either the Dirac OR Feshbach-Villars descriptions of the charge conjugate 
state. This result will be expanded upon later in this chapter, using a full C PT 
calculation.
Once again, for a given minimal coupling e A there exist ‘o ther solutions’,
J  jcfd3x = J  ( ( r i» * )t r 3(ri 'i '* ))((i7 5 7 2^ J ) t7 0(i7572'I'J))
(3./V.6)
Hence $ c f  represents a ‘particle’ of charge —e and positive energy (H)  = -\-E
S>' = f" <g> =  *"eie' ® (3./V.7)
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In general, depending upon the choice of 'I'q , these other solutions fall either into 
the Dirac or Feshbach-Villars description of the ‘other solution’ given above (or a 
‘m ix’ of the two descriptions). It will be shown using C PT  later in this chapter, 
th a t it is possible to require the ‘other solution’ to a given physical problem  to 
behave according to the same description as th a t defined by a given choice of T, 
and hence to  be able to describe a physical problem  using only one of the two 
descriptions, which means using a subset of four of the eight linearly independent 
solutions to the FV 1/2 equation.
Consider now the non-relativistic limit of the FV 1/2 equation. The non- 
relativistic limit of the Dirac equation reduces to the two-component Pauli equa­
tion. However, the FV 1/2 equation is an eight component equation and so a 
priori one could expect it to reduce to something different, most likely having 
four ra ther than  two components. P u tting  (<^ , x ) T — {4>\ i X \ )T e~ imC S where 
(<^i,Xi)T is a weakly varying function of time, into equations (3.I V .  1) and 
(3 ./V .2), it is found tha t
Xl* ° “ ( ^ ) 2 ( D 2 l 4 ~ ^ CT^ F ^ 1'1'0 ’  < 3 j y - 8 )
which, as in the FVO equation shows Xi Is ° f  order (pc /me2)2(pi (the Dirac
equation has Xi of order (pc /mc2)(pi), and hence x i should be neglected in 
equation (3.IV.1).  Neglecting Xi in equation (3.IV.1)  gives a four-com ponent 
equation;
A 2
Uih-<t>1<S/o = + 5-0 + eAoUf aVo ■ (3./V.9)
Equation (3.JV .9) is valid in an arb itrary  gam m a m atrix  representation. Spe­
cialising to the standard  representation, which is used for the Dirac equation, 
one obtains, with =  (c*o? ßo)T ,
( i2,74  -  ( _ i (° 2 1 2 + 2 ^ < t - b ) +e Ao i 2 ) ) ^ i a° = -
(3./V.10)
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( l2 4  -  (~ ! ^ (d212  +  W c a -B )  + •
(3.7V.11)
Only if the &. E  term  is small will these equations reduce approxim ately to the 
Pauli equation. Let us consider the hydrogen atom  using the non-relativistic 
limit of equations (3.7U.1) and (3.I V . 2) to show w hat role the <x.E term  plays 
*. Instead of using equations (3.7V. 10) and (3.I V .  11), the Weyl representation 
of the gam m a m atrices is used where one obtains two decoupled two component 
equations. The equation for £o is, for a minimal coupling to a Coulomb potential:
d ft2, i c
=  (^^■(—V 212 +  — <r.E) +  e d .° l2)^ >i ^° , (3. I V .12)
where o \E  =  — Zecr.r /r2, and eAo = —Z e 2/r .  This is the same as the Pauli 
equation (which, for the Coulomb potential, is ju st the Schrödinger equation for 
two com ponents), except for the <x.E term . The cr.E term  alters the angular 
eigenfunctions from spherical harmonics to a linear com bination of y j f , which 
is the same linear com bination as in equations (4.77.3) and (4.77.4). The eigen­
values of the angular operator I 2L2 — iaZcr.r  are given by equation (4.77.5). 
Upon solving equation (3.7U.12) * *, one obtains the energy spectrum  and radial 
wavefunctions
E  =  2(n"+V  ; ^(r ) =  ci(2 |A |r) 'l'- 1.F(—n ' , 27 , 2 |A |r)e~ lAlr , (3./V.13)
where c\ is a constant and
|A| =  v^i£i; 7 =  1/2 +  \ / l / 4  +  a ;
* The solution to the hydrogen atom  using the FV 1/2  equation will be pre­
sented in the next chapter
** using a m ethod analogous to th a t presented in section 4.II
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A =  ( j  +  1 /2 )2 ±  x /( i  +  1/2 )2 -  (Z a )2, 1/2 . (3./V.14)
This compares with the results of the Schrödinger equation given by [Bethe and 
Salpeter, (1957)],
JCl behaves as if it were cr.L acting on y j f  (and k given by equations (4.77.3) and 
(4.77.4) is O( Za )  for small Z ). Hence in the first approxim ation the a .E  term  
behaves as a spin-orbit type correction, although considered exactly it should be 
thought of as a general spin dependent term . It is noted th a t non-relativistic 
limits containing other term s beyond the Pauli equation have appeared in the 
literature (for example [Bjorken and Drell, (1964)], [Barone, (1973)], [Foldy and 
W outhuysen, (1950)]). In any case equation (3.7V .9) is taken as the correct 
non-relativistic limit of the FV 1/2 equation.
Consider now the non-relativistic limit of the charge conjugate solutions. 
The solutions
the charge conjugate of the ‘other solutions’, give appropriate  non-relativistic 
limits for \ i *  ® rf'& o*  and Xi* ® z7s72^o* respectively (note '3/ =  <j> 1754/0 also 
forms a solution to equation (3.7F.9)).
(3.71715)
where again |A| =  \J2 \E \. The only difference is between 7 and l -f 1. Expanding 
7 in term s of powers of ( Z a ) 2, one finds tha t
(3.7V.17)
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Hence, analogously to the Dirac and FVO equations, the non-relativistic 
limit of the FV 1/2 equation supports the in terpretations given above of C.
V . A  ph ysical exam p le  illu stra tin g  th e  C in terp reta tio n
Consider a particle w ith to tal energy E  > m e2 subject to a constant scalar 
potential the m odulus of which is given by v: E  > ev >  0. If the potential 
is repulsive/attractive then, with e >  0, (E  ev)2 =  q 2c2 +  m 2c4 defines the 
value of IqI. The wavefunction of such a particle (using the FVO, FV 1/2 or Dirac 
equations) m ust be of the form ip = Under C the wavefunction
is ipe — ip'oe+l(' Et~Ci'x -^ This means th a t the m odulus of the m om entum  is again 
given by |q |, or th a t under C the relative sign of the potential energy (ev) com­
pared to the energy (H ) is retained. In the Feshbach-Villars description with 
opposite charge and the same energy for the charge conjugate state, then this 
indicates th a t physically the potential has changed sign; and in the Dirac de­
scription (with the same charge but opposite sign of the energy for the charge 
conjugate state) this indicates th a t again physically the potential has changed 
sign. The ‘other solution’ is ip' = ip'0e+l t^ t~cl,x\  where (e ±  ev)2 = q /2c2 +  m 2c4. 
The ‘other solution’ is physically different to the charge conjugate solution, due 
to q  ^  q ' (even if one considers e =  E , which can be chosen for this problem). If 
one considers instead ev > E  > 0, with the potential repulsive, then the solution 
is a decaying exponential wavefunction in a barrier, as is its charge conjugate 
solution. In the Feshbach-Villars description of C this corresponds to still 
being subject to a repulsive barrier, and in the Dirac description is subject 
to an a ttractive potential bu t it has energy —E  which combined with ev is not 
enough to make the 3-mom entum real, and hence the wavefunction remains a 
decaying exponential.
V I. C P T  and th e  eight so lu tio n s
This section is to study the eight solutions of the FV 1/2  equation and their 
transform ation properties under C PT. The KG 1/2 equation, ra ther than  the
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F V 1/2 equation, is used for this study due to the manifest covariance of the 
KG 1/2 equation. It is shown later th a t this analysis applies equally to the FV 1/2 
equation, w ith explicit formula« given.
The K G 1/2 and Dirac equations are studied under C PT, and it is found 
th a t, while there is a single solution of the Dirac equation which satisfies the 
properties of a transform ed solution under one of the discrete sym m etries, there 
are two solutions of the K G 1/2 equation. This doubling is made possible by 
the com m utativity of 75 with which is not possible for the Dirac equation 
because {75 ,7 /x} =  0. This result is then used to show th a t there exist for 
stationary  states subsets of four of the eight solutions of the KG 1/2 equation 
invariant under C PT. These subsets can be chosen to behave according to the 
Dirac or Feshbach-Villars descriptions. This generalises the results using the 
simple C argum ent already presented in this chapter. It is shown how the ‘other 
solution’ falls also into the above descriptions, and hence for a given physical 
problem there are subsets of four of the eight solutions which can be used.
Consider =  4 /p '(f,r) to be a stationary  s ta te  solution of the K G l/2
equation. A search is m ade for 'I 'p p 'f f ,— r), r) and —f, r )  which
are the transform ed wavefunctions under P, C and T respectively. The KG 1/2 
equation (equation (2. / / . 2)) can be w ritten as follows, where now h =  1 =  c;
((£>„£>" + m 2)U + <^r'“'FIIU)* KGi /2  =  0 . (3.V/.1)
Consider first spatial inversion. The sign of r  is changed in equation (3.K /.1) 
and a search is made for a transform ation Up k  which gives PK(t, ~ r ) satisfying 
equation (3 .V /.1), with 4/pp'(f, —r) =  i i p k Up k ^  K{t, ~ r) , where t\p k  is a phase. 
The defining condition for Up k  is found to be
U p K ^ U p K  =  <r'“'t • (Z.VI.2)
Next, consider tim e reversal invariance, t is changed to —t in equation 
(3 .V /.1), complex conjugation is perform ed [Lifshitz, Berestetskii and Pitaevskii,
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(1971)], and a search is made for Ut k  which gives r ) satisfying equation
(3 .V /.1), w ith ^ t k {—C r ) =  J ( —^  r). The defining condition for
Ut k  is found to be
Ut k ^ U t k  = . (3 .V /.3)
Finally, consider charge conjugation, where a search is made for a wavefunc- 
tion satisfying equation (3.VJ.1) w ith eAM replaced by —eA^.  Hence one looks 
for Uc k  which gives =  tickUc k ^ 1^^-, r ). The defining condition for
Uc k  is found to be
Uc W U c k  = - ^ vT ■ (3.VJ.4)
Consider now the Dirac equation, where the analogous results will be de­
rived. Let $ d = ^ d (L f ) be a stationary  state  solution of the Dirac equation. 
A search is made for ^pp>(L — r), ^ c d (L f ) and ^ t d {~C r ) which are the tran s­
formed wavefunctions under P, C and T respectively. The Dirac equation is
( i y ^ - m ) ^ = 0  . (3.V7.5)
Consider first spatial inversion. The sign of r  is changed in equation (3 .V /.5) 
and a search is made for a transform ation Upo  which gives — r ) satisfying
equation (3 .V /.5), w ith ^ p d (L — r ) — ^ P D ^ P D ^ D ^ - r ) -  The defining condi­
tion for Up d  is found to be
Up d Y U p d  =  7"* • (3.V7.6)
Next, consider time reversal invariance, t is changed to — t in equation 
(3.V7.5), complex conjugation is perform ed [Lifshitz, Berestetskii and Pitaevskii, 
(1971)], and a search is m ade for Ut d  which gives ^ t d { —t, r) satisfying equation 
(3.V J.5), w ith 'LTD{—t , r) =  ^t d Ut d ^J)(—L r). The defining condition for Ut d
is found to be
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Ut d Y U t d  = 1  • (3 .V /.7 )
Finally, consider charge conjugation, where a search is m ade for a wavefunc- 
tion satisfying equation (3 .W .5) with e A M replaced by —eA^.  Hence one looks 
for Uc d  which gives ^ c d ^ ,  r ) =  The defining condition for
Uc d  is found to be
Uc d Y U c d  = - Y T■ (3.V7.8)
Hence all of the conditions for finding the transform ed wavefunctions for the 
KG 1/2 equation can be w ritten as
U ^ U y K  =  / K " )  , (3 .V /.9)
and all of the conditions for finding the transform ed wavefunctions for the Dirac 
equation can be w ritten as
U ^ Y U y o  =  g ( Y )  , (3.VJ.10)
where /  and g are functions of cr^u and 7^ respectively and y indicates one (or 
more) of the discrete transform ations. Using the above results it is simple to 
show th a t there is a unique solution for the Dirac equation transform ations Uvd , 
bu t there are two solutions for each of the KG 1/2 equation transform ations
U y K  = U y D ,  U y K = l$ U y D  , (3.VJ.11)
due to the com m utativity of 75 with Consider now stationary  state  so­
lutions of the Dirac and K G 1/2 equations respectively, d = ^ D0 ^~ lEt and 
^ k g i/2 — ^ K o e ~ l£t. Under spatial inversion, 'I'd becomes the state  ^ p d  — 
tjpdUp d ^ D o e ~ t E t • Hence it remains a positive energy state. Under tim e rever­
sal the sign of t changes, bu t also the complex conjugate is taken so ^ t d  again
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remains a positive energy state. However, under charge conjugation *Fd becomes 
a negative energy state  'Fc d  =  ^ c d Uc d ^ D 0 ^ tE t•
For the case of the FV 1/2 equation consider first charge conjugation. If 
Uc k  =  UcDi  then the charge conjugate solution is ^ c k  = ijckUc d ^ K o^+iet 
which is a negative energy solution with the same charge e as the original solution 
'FK- This corresponds to the Dirac description of the charge conjugate state, as 
discussed earlier in this chapter. However if Uc k  =  7s Uc d , then one obtains the 
Feshbach-Villars description, w ith ^ c k  ~  t1c k ')sUc d '&Ko^+l£t being a positive 
energy state  with opposite charge — e to the original solution 'Fk -
Under tim e reversal invariance, if Ut k  — Ut d  is chosen, then a positive 
energy state  is obtained with the original charge e, exactly as in the Dirac or 
Feshbach-Villars descriptions. However, if Ut k  = 7sUt d , then a negative energy 
state  w ith opposite charge — e is obtained. This other possibility is N EITH ER 
part of the Dirac nor Feshbach-Villars descriptions, bu t is an allowed transfor­
m ation of the K G 1/2 equation.
Under spatial inversion, if Up k  — Upo  is chosen, then a positive energy state  
is obtained with the original charge e, exactly as in the Dirac or Feshbach-Villars 
descriptions. However, if Up k  = IbU po ,  then a negative energy state  with 
opposite charge — e is obtained. This other possibility is again N EITH ER part 
of the Dirac nor Feshbach-Villars descriptions, bu t is an allowed transform ation 
of the KG 1/2 equation.
Consider the set of discrete transform ations Uyo  of the Dirac equation, 
where y = C, P  or T, or any com bination of them . For a given stationary  
state  of the Dirac equation, 'Fd — ^DQ>e~lEt •> the set of *Fp>, its transform ed 
wavefunctions and the o ther solutions form a set of solutions which spans the so­
lution space of the Dirac equation. This set forms a subset of the solutions of the 
K G l/2  equation, and this subset remains an invariant subset under C PT  if one 
chooses the discrete transform ations of the K G l/2  equation to  be Uvk  =  Uyo- 
Hence, for a given physical problem, one can use a subset of four solutions of 
the K G l/2  equation, which behave according to the Dirac description of the rel-
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ativistic degree of freedom, i.e. a set which includes negative energy states but 
only one sign of charge. The ‘other solutions’ of this subset reduce to  the charge 
conjugate solutions defined by Uc k  — Uc d  in the limit of vanishing external 
fields. If, however, one chooses Uc k  =  75Uc d -, Ut k  — Ut d  and Up k  =  Upo,  
then one obtains a subset of four solutions invariant under C PT  which behave 
according to the Feshbach-Villars description, a subset containing only positive 
energy states, two w ith charge e, and two with charge — e. The ‘other solutions’ 
of this subset reduce to the charge conjugate solutions defined by Uc k  —  75  Ucd  
in the limit of vanishing external fields.
Any other choice of Uvk  requires the use of all eight solutions to specify a 
C PT  invariant set.
To obtain  the results for the FV 1/2 equation from the KG 1/2 equation, all 
th a t is necessary is to write the stationary  state  solutions of the KG 1/2 equation 
in Feshbach-Villars type notation using the replacem ent ^ k g i/2 =  0  ® —>
^ f v i/2 =  * ® *o. For example with ^ k g i/2 =  0  ® =  ^o(v)e~lEt ® 4>o(r),
®c k  =  0 o (r)etEt <g> Pc k Uc d ^ o (r), 0o (r)etEt <g> tjck^ U c d ^ o (r ) »
(3.V7.12)
then one simply has for ^ f v i/2 =  (0o(r), xo{r))Te~lEt ® ’J'o(r),
or
Similarly, one can derive
or (3.V /.14)
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^ f vi / 2 P =  ( )  e ' Et ®'1p k Up d 'Üo( - r ) ,
or ( ^ ( I r ) ) e" iE‘ ® ,'pl<">5^ PD'I,o ( - r ) -  (3 .V /.15)
In general, for a given stationary  state  solution ^ k g i /2  of the K G l/2  equa­
tion (and hence ^ f v i /2  of the FV 1/2 equation), then (a  +  /^7 5 ) ^ k g i /2  (respec­
tively (a  +  /?75)^FVi/2 ) is also a solution of the K G l/2  equation (respectively 
the FV 1/2 equation). Hence in the solution of the FV 1/2  equation for a physi­
cal problem  one can always define the initial solution ^ f v i /2  — (^F V i/2 )oe~l£;< 
(in the limit of vanishing external fields, E  > -fm c2), to have positive definite 
f  j ° d 3x  = -f 1, simply by applying a transform ation (a  -f ß j s )  to \Po in equation 
(3 ./V .l)2 . Then is normalised to +1. The ‘other solution’ to the given
physical problem  ^ f v i /2 =  (^F V i/2 )°e+,e<’ ls then norm alised as follows: if one 
chooses the Dirac description (Uvk  — Uvd ), then f  j ° d 3x  = +1 and =  — 1
are the conditions for the other solution; and if one chooses the Feshbach-Villars 
description {Uc k  — 7 5 Uc d , Ut k  — Ut d  and Up k  — Up d ), then f  j ° d 3x  =  — 1 
and — +1 are the conditions for the other solution. Under a transform ation
-> (q +  ß j 5) ^ 0, then
* 0 * 0  * J 7 0(M 2 -  |/3|2)*o +  *1,(0*a  - a*0)ysy ° 9 o • (3 V /.1 6 )
For a general transform ation, where can become complex, one has a differ­
ent description of the relativistic degree of freedom than  th a t given by the Dirac 
or FVO equations. However, by choosing a  and ß  such th a t the stationary  state  
solution $  =  $oe~lEt ® has =  +1, then it has been shown th a t C PT
invariant subsets of the eight solutions which obey either the Dirac or Feshbach- 
Villars descriptions exist. These subsets each contain all th a t is required for a 
physical problem of a single particle minimally coupled to a classical external 
electrom agnetic field.
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The problems with the negative energy states of the Dirac equation and con­
tinuum  dissolution are well known [Heully, Lindgren, Lindroth and M ärtensson- 
Pendrill, (1986)], [Sucher, (1984)]. The phenomenon of continuum  dissolution is 
due to the Dirac description of the relativistic degree of freedom, which involves 
negative energy states. One m ust tu rn  to QED to overcome this problem. It will 
be an interesting exercise to a ttem pt to solve the two-electron problem  using the 
FV 1/2 equation (initially only at the RQM level) w ith a C PT  invariant subset of 
four solutions using the Feshbach-Villars description of C. This subset represents 
the relativistic degree of freedom by states of opposite signs of charge, all having 
positive energy.
V II. C on clu sion s
It has been shown th a t one only has to use four of the eight solutions of 
the FV 1/2 equation for physical problems of a single particle minimally coupled 
to a classical external electrom agnetic field. The subsets of four solutions form 
sets invariant under C PT  and contain the ‘other solutions’ to the given prob­
lem. W hile there is a subset which behaves according to the Dirac description 
of RQM, there is also a subset which behaves according to a different descrip­
tion, the Feshbach-Villars description. This has spin-1/2 states which appear at 
the relativistic quantum  mechanical level with properties sim ilar to th a t of an­
tiparticles seen in nature, and there are no negative energy states. This is quite 
different to the Dirac equation, where to elim inate the negative energy states in 
RQM violates C PT  invariance. The non-relativistic limit of the FV 1/2 equation 
has been shown to be different to th a t of the Dirac equation, which suggests th a t 
the FV 1/2 equation really is different to the Dirac equation. It will be im portant 
to test the FV 1/2 equation on the two electron problem  to further understand 
the FV 1/2 equation, and to see if it proves a useful equation for atom ic physics.
C H APTER 4
The hydrogen atom
I. In tro d u ctio n
This chapter presents a study of the hydrogen atom , which is an im portant 
application of RQM.
Historically, the success of the Dirac equation in explaining the spectrum  of 
the hydrogen atom  was im portant for the acceptance of the Dirac equation as a 
relativistic wave equation. Nowadays the Dirac equation is used widely as a basic 
equation for more complex atomic calculations. Given the differences between 
the Dirac and FV 1/2 equations mentioned in sections 2.IV and 3.IV, it is worth 
studying the hydrogen atom  both  to see how the spectrum  and wavefunctions 
com pare using each equation, and also to see if the m ethod of solution is any 
sim pler using the new equation. Atomic calculations are quite complex and any 
equation which is simpler to use could be helpful.
The study of the hydrogen atom  provides an opportunity  to gain insights 
into the FV 1/2 equation. Firstly, it has not yet been shown th a t the FV 1/2 
equation can in fact be used in practical applications. Hence this chapter begins 
w ith the exact solution of the FV 1/2 equation for hydrogenic atom s, to show 
explicitly th a t the FV 1/2  equation can be applied to physical problems. The 
solution is given in the Weyl representation of the gam m a m atrices, where the 
FV 1/2  equation decouples into two 4-component equations. After the solution 
is derived, a discussion is given on how this relates to the solution using the 
FV 1/2  equation in an arb itra ry  gam m a m atrix  representation. Some comments 
are also m ade on how the m ethod of solution relates to the less restrictive (when 
com pared to the Dirac equation) dynamics of the FV 1/2  equation, and what this 
implies for solutions of other physical problems.
Given th a t a solution exists, are the results the same as th a t of the Dirac 
equation? The energy spectra obtained are found to be identical with those pro-
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duced using the Dirac equation. The wavefunctions are then derived, and found 
to differ slightly from those produced using the Dirac equation. W hile this can 
be expected, given th a t # p Vi /2 1S different to H&, it is interesting to study how 
the wavefunctions differ. It was shown in section 2.IV th a t the FV 1/2  equation 
is essentially different to the Dirac equation, and also th a t the non-relativistic 
limits differ (section 3.IV). Hence it is na tu ra l to ask if the FV 1/2 and Dirac equa­
tions predict different values for any m easureable quantities. A com parison of 
both  the radial and angular wavefunctions, the norm alisation, stationary  states, 
and expectation values of powers of r _1 is presented to illustrate  the differences 
between the results of the equations. It is shown th a t the expectation value of 
the Coulomb energy differs by 6 x 10- 3 % for the ground state  of the hydrogen 
atom , and by roughly 40% for the hydrogenic atom  w ith Z  = 70. Comments are 
m ade on the (radial) wavefunctions as r  —>■ 0.
M odern day calculations in atomic physics for atom s with more than  one 
electron are notoriously complex. They generally begin w ith the Dirac-Coulomb 
Ham iltonian, with input from QED for radiative corrections, to avoid contin­
uum  dissolution, etc. The solution m ethod of the hydrogen atom  using the 
FV 1/2 equation is presented in detail so th a t atomic physicists can consider the 
possibility of using the FV 1/2 equation as an alternative starting  equation for 
their calculations. The solution m ethod of the hydrogen atom  using the FV 1/2 
equation is found to be of roughly the same complexity as th a t using the Dirac 
equation. It is seen, however, th a t the effects of the spin are more easily under­
stood, as the spin term  in the FV 1/2 equation provides essentially only a small 
correction to the FVO Ham iltonian. In fact the solutions for the FV 1/2 equation 
and the FVO equation are presented in parallel.
The KG 1/2 equation has been applied to the hydrogen atom  [Auvil and 
Brown, (1975)]. A calculation is presented to show the results derived in this 
chapter are consistent with those obtained using the KG 1/2 equation. Some 
further results are presented concerning the application of the FV 1/2 equation 
in atomic physics. Finally, some brief comments are given on possibilities for
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further study of hydrogenic atom s using the FV 1/2 equation.
II. T h e  hyd rogen  a to m  so lu tio n
The conventional procedure used to obtain the hydrogen atom  spectrum  
and wavefunctions is the following [Bethe and Salpeter, (1957)]. One starts  
w ith the Dirac equation and adds a minimally coupled Coulomb potential, A q =  
— Z e /r ,  A =  0. The Z  in the Coulomb potential refers to  a nucleus of Z  protons, 
so th a t this solution also applies to hydrogenic atoms. Spherical polar coordi­
nates are used, and it is possible to separate the radial and angular equations. 
The angular dependence is given by linear com binations of spherical harmonics 
coupled to two component spinors while the radial functions are linear combina­
tions of confluent hypergeometric functions m ultiplied by a decaying exponential 
function of the radial coordinate. The confluent hypergeom etric function itself 
is defined in term s of a series and satisfies a second order differential equation. 
Since the radial equations of the Dirac equation are coupled first order equations, 
ra ther than  a single second order equation, it is not possible to w rite down the 
solution as a confluent hypergeometric function ju st by inspection. Instead a 
power series solution ansatz is tried and the series is found to m atch th a t of a 
certain linear com bination of confluent hypergeometric functions.
A similar procedure will be applied to obtain the exact relativistic solution 
to the hydrogen atom  for the FV 1/2 equation. Not only will the hydrogen atom  
be solved, but the solution for spinless atom s will also be obtained, because 
the Ham iltonians for spin-1/2 and spin-0 are so similar. Obviously this is not 
possible using the Dirac equation. Given th a t the effects of the spin are only a 
small correction to the spectrum*, it would seem na tu ra l to have a m ethod of 
solution where the effects of spin appear in the equation as a small ex tra  term .
* It would not have been possible for NRQM (using the spin-0 Schrödinger 
equation) to have been accepted initially if it did not describe the atom  with 
reasonable accuracy.
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It proves convenient to solve the hydrogen atom  using the Ham iltonian H £ 
given by equation (2 .// .9 )  (with a Coulomb potential). The equation  ^ =
is one of the two decoupled parts of the FV 1/2  equation in the Weyl 
representation of the gam m a m atrices (equation (2 ./ / .  12)). After the solution 
is given, comments will follow in section 4.I ll  on how this m ethod of solution 
relates to th a t obtained using the full, 8-component FV 1/2  equation.
An equation similar to equation (2.77.5) has already been solved to produce 
the hydrogen atom  spectrum  [Auvil and Brown, (1975)], bu t it is necessary to 
solve equation (2.77.5) (or equivalently equation (2.77.4)) w ritten  in Feshbach- 
Villars form, i.e. using the Ham iltonian given by equation (2.77.11) (or equiv­
alently the Ham iltonian given by equation (2.77.9)), to see how the m ethod of 
solution compares with the Dirac equation. It m ust be shown th a t the FV 1/2 
equation can in fact be used for physical problems. It is convenient to s ta rt with 
equation (2.77.9) and then make the transition  to atom ic units. The atomic 
units are those of Bethe and Salpeter [Bethe and Salpeter, (1957)]. The equa­
tion \± ih (d  f  dt)'# $ — w ith the H am iltonian given by equation (2.77.9)
becomes, w ritten as two 2-component equations, with a  = e2/ (h e ),
((-v2 + Jf - 2E -  v ) 12 -  taZ^ r ) * + (-v' 12 - iaZ^ f ) *  = 0. (4-n.l)
(V 2l2 +  i a Z ? £ ) t  + ( ( V 2 -  J r  -  2E  -  ^ ) 1 2 +  r a Z ™ ) X =  0. (4 .J /.2 )
The equation \ ^ ih (d /  ^ = H ^ i j  gives the same equations except th a t the 
sign of the a .r  term  is changed. The FVO equation, 12*7i ( 5 / ^ ) ^ fvo(x ) =  
77fvo^ fvo(x ), gives similar equations except th a t the (T.r term  is missing, and 
the two equations are each for only one component.
V 2 is w ritten in spherical polar coordinates and then the radial and angular 
variables are separated by using wavefunctions which are eigenfunctions of the 
angular operators in the equation. The angular p a rt of the V 2 operator has
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as eigenfunctions the spherical harmonics Y/m(0, </>). For spin-1/2 particles the 
spherical harmonics m ust be coupled to two component spinors in the standard  
way to give the spherical spinors 3 ^ (0 ,  <f>)**. The a . r  operator interchanges the 
spherical spinors w ith l =  j  ±  1/2 and l' — j  zF 1/2 ([Messiah, (1985)], page 928). 
Let f1 be the angular operator L2l 2 — iaZcr.r.  The eigenfunctions of Q are
©a 4>) = y™ +  iKypj , (4 J /.3 )
with
ZaK =  ± ( ( i + l / 2 ) - N/ Ö T T 7 2 ? ^ T W ) ,  1/2 . (4.77.4)
The eigenvalues of S2 are
A =  (j 4- 1 /2)2 ±  y / { j  +  1/2 y-  (Zäy,l =  j ±  1/2 . (4.77.5)
For small Z , A reduces to /(/ -f- 1) +  O(Za)  as the spin correction is small, 
and k, ~  ( Za ) / ( 2 j  +  1) so th a t the angular eigenfunctions are approxim ately 
eigenfunctions of yj j  which correspond to the non-relativistic eigenfunctions with 
orbital angular m om entum  l *. In fact in equation (4.77.5) both  solutions are 
possible for either value of l and to go with this equation (4.77.4) will become
** The convention of [Messiah, (1985)] is used, see also [Merzbacher, (1970)],
equation 16.80.
* In fact, for small Z a ,
A -  / ( /  +  l )  +  A j f - y ) - / ( ' )  +  ° ( Z a f  -
where / ( / )  =  /, / =  j  — 1/2 and / ( / )  =  —(/ +  1 ) ,  l =  j  +  1/2. / ( / )  resembles 
the appearance of er.L acting on the eigenfunction y j ” alone. For small Z a , 
0 (/,/,,j',m)(^5 0) —► «V/™ +  0 ( Z a ) y j ! lj. This explains why Hj  given by equation 
( l . V I I A )  is such th a t H i / 2 +  Hi  gives the spectrum  correct to first order, with 
angular eigenfunctions (3^ /y1, *
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ZaK = ± ( ( j  +  1/2) +  y / ( j  + 1/2)2 _  ( 2 o )2), l = j ±  1/2 , (4 ./J .6 )
if the other solutions are used. It tu rns out th a t this o ther value of ac is such 
th a t this solution is ju st the previous one given by equation (4.77.4), except th a t 
the orbital angular m om entum  quantum  num ber is labelled by l' instead of /. 
Equations (4.77.4) and (4.77.5) are taken as given, as then / will correspond to 
the non-relativistic orbital angular m om entum  quantum  num ber.
W riting the wavefunction as
one obtains the radial equations
, d2 A 2 2 Z , ,
( ” ^ 2  + 12 + 7 2  “ 2E " T ' ) /(r) + ('
A
d r2
r)2 \  f )2
d r2 +  -t ) s (’')  =  0
4 - 2  E 2 2Z .  , . n— ------ )s(r) = 0a 1 r
, (4.II.8
. (4./Z.9)
In the spin-zero case one obtains the same radial equations except th a t A =  
/(/ +  1). Hence the radial equations will be solved in parallel for bo th  spin-1/2 
and spin-0, w ith A as above.
Consider the r  -> oo limit. The potential term s become negligible and the radial 
equations become
( g^2 + 2 E  ~  +  ~  0 ’ (4.//.10)
d2 d 2 2
d ^ f + ( d ^ - 2 E ~ ^ ) 9  = 0 ■ (4./J.11)
This gives the asym ptotic form of both  /  and g as
ae-lAlr, |A| =  —-v/l - ( £ a 2)2 . (4.//.12)
a
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Here a is a constant, different for /  and g. This is the same asym ptotic form 
as for the Dirac equation. The factor e~lAlr is elim inated from the equations
(4.77.8) and (4.77.9) by writing
f ( r )  = e~ |A|ry(r), g(r)  =  e ~ ^ rz(r)  . (4.77.13)
Changing variables to p — 2 |A |r and taking sums and differences of equations
(4.77.8) and (4.77.9) one obtains
+ * W ) + ( £ + ^ y - )  M p) -  = °.
(4.I I . 14)
( E + $ ^ ) ( y (p) + z ( p ) ) - ± W p ) - z ( p ) )  =  0 . (4.I I . 15)
p a z
To solve equations (4.77.14) and (4.77.15) a power series solution is tried
oo
y ( p )  = P1 anpU ’ (4.77.16)
n = 0
oo
z(p) = p - 'Y l '>nPn ■ (4.11 .17)
n= 0
If the power series extends to oo then the wave functions will not be normalizable. 
In the Dirac case one postulates th a t the series m ust therefore term inate at a 
certain value of n, and the condition th a t it term inates gives the energy spectrum . 
It is easy to  show th a t in the case here the series autom atically  term inates at 
a certain value of n > 1. To show this, one writes general recursion relations 
by substitu ting  equations (4.77.16) and (4.77.17) into equations (4.77.14) and 
(4.77.15), and sets an /  0, bn /  0 but a n+i =  0 =  6n+i- The condition th a t the 
resulting equations have a non-zero solution (which means there is a non-trivial 
term inating power series) is th a t |A| is given by equation (4.77.12), hence the 
condition is autom atically satisfied.
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By substitu ting the power series solution ansatz into equations (4 ./ / .  14) and 
(4 ./ / .  15) and equating the coefficients of the lowest powers of p, 7  is obtained. 
It is found tha t
7(7  +  1) — A +  ( Z q )2 =  0 , (4 .//.1 8 )
which gives
7 =  ~  +  ( \ / 0 '+  1 /2 )2 -  ( Z a )2 ±  1 ), l = j ±  1/2 . (4 .//.1 9 )
For spin-0
7 =  —1 +  %/(/ +  1 /2 )2 — ( Z a ) 2 . (4 .//.2 0 )
In fact equation (4.77.18) gives two values of 7  for each value of A, but, as 
in the Dirac case, only the one with the positive sign before the square root is 
chosen, otherwise for high j  or l the wavefunctions will diverge strongly a t the 
origin. General relations between the coefficients of the power series solution are, 
defining Cn — -I- bn and dn — an bn 5
E c n +  2 |A |Zcn+i — ——dn — 0 , (4.77.21)
a*
Z  E 2a 2 E
((7 +  n )(7 +  n +  l ) - A ) c n+1- ( 7  +  n)c„ +  — dn - — yCn- j H- — = 0  .
(4./Z.22)
From these equations it is simple to obtain both  the energy spectrum  and the 
wavefunctions. Rewrite equations (4.77.21) and (4.77.22) as
2 |A |Zcn =  — (E cn- i  — —  dn- i )  , (4.77.23)
Z  Ect2 1
((7 +  n )(7 +  n +  l ) - A ) c „ + i - ( 7  +  n )cn +  —— dn - j —- ( £ ; Cn_ j - —  d„~i)  =  0 .
(4.11.24)
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Equation (4 .//.2 3 ) is inserted into equation (4.77.24) to elim inate the n — 1 
term s, and then  equation (4.77.21) is used to elim inate the dn term , leaving an 
equation for cn+i and cn only. This is
7
((7 +  n )(7 +  n +  1) -  A +  (Z ö )2)cn+i +  ( —pq------(7 +  n ))cn =  0 . (4.77.25)
The first term  can be simplified by using equation (4.77.18)
, x , Z E a 2
n(n +  2q +  l)c„+ i +  ( — ----- 7 — n)cn =  0 .
|A|
(4.//.2G)
It was m entioned before th a t there will be an n — n' >  1 wrhere the series will 
term inate, and thus we set n so th a t the n' +  1 and higher coefficients are equal 
to zero. Hence equation (4.77.26) gives
n =
ZEoc2
1ÄT 7 (4.77.27)
W ith the value for |A | inserted one obtains a condition for E  in term s of n ', 
which is
- M 1 +
( Z a y - I
(4.77.28)
(n ' +  7 )2 /
This is the same energy spectrum  th a t the Dirac equation gives. In fact the 
n' here begins a t 1, whereas the Dirac n' begins at 0. However, unlike the 7  
for the Dirac equation, equation (4.77.19) has two solutions 7  =  7(Dirac) — 
1, 7  =  7(Dirac)-  The lowest energy state  is for n' =  1 and here one will have
=  7 (Dirac) — 1 because it will be the l =  0 state  and l =  j  — 1/2, which picks 
the sign of A in equation (4.77.5), and hence the lower value of 7 .  So in fact the 
spectrum  begins at the same value and then increases in correspondence with 
the Dirac spectrum . In both  spectra there is a degeneracy for different values of 
n' and 7 ,  as long as n' +  7  rem ains constant. One can show th a t the values of 
the quantum  num bers j ,  l ,m  for each energy state  are the same in bo th  spectra, 
as one would expect as they are physically verified (see also section 4.IV).
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The only difference between the two equations is in the wavefunctions, which 
include polynomials of the form p1 X^n=o °nPn• If is not surprising to  expect the 
wavefunctions to be somewhat different, as the H am iltonian is also different*. 
To obtain the wavefunctions, consider equation (4.11.26). A confluent hyperge­
om etric function F (a ,b ,x )  is defined as
ax a(a +  l ) ^ 2
F ( a ,b ,x )  =  1 +  T  +  fe(6+1)2! + - •  •
The coefficient f q of x q is related to the coefficient of x q+l by
fq+i —
(a + q)
So.(& + 9)(9 + 1) ? 
Equation (4.77.26) is easily rew ritten as
(4.77.29)
(4.77.30)
( ~ ( ^ r  ~T ') +  n ) _  ( - n '  +  n)
(2 7  +  1 +  n )(n ) C" (2 7  +  1 +  n ) ( n )C"
(4 .//.3 1 )
Now this is not quite in the form equation (4.77.30) due to (n) and not (n +  1) 
appearing in the denom inator. However if a factor of p is taken from the power 
series cnPn then one indeed obtains a confluent hypergeom etric function.
The origin of this is th a t although ao /  0 and bo ^  0, it is easily shown tha t 
Co =  0. Hence c\p  is the first non-zero term  in the power series y + z and becomes 
the first term  in the corresponding confluent hypergeom etric function. It can also 
be shown th a t for n < n ', cn ^  0, (n >  1), so th a t there is indeed a non-trivial 
power series, n'  must be at least 1: if it were zero then  it can be shown tha t 
an =  0 =  bn and thus there is only the trivial solution.
Taking out a factor of p one then  has
_  ( - n '  +  n) _
" (27 +  l  +  n )(n ) " - 1
which gives
(4.77.32)
These differences will be discussed in more detail in section 4.IV
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(: y(p) + z(p)) = Cp''+1F ( l - n ' , 2 1 + 2,p) , (4.77.33)
where C is a constant. Now consider equation (4 .//.2 3 ). The n th term  of the 
power series
E (y(p) +  z (p )) -  -V(y(?) -  z(p))
OtL
equals the (n +  l ) th term  of the power series —2|A |Z(y(p)  +  z(p))  and since the 
first term  of the power series (y(p) T  z(p))  is zero and hence has been removed, 
one has
E(y(p)  + z(p)) -  \ ( y ( p )  -  z(p))  =  -2 |A |Z C > T F (1  -  n', 27 + 2,p)  . (4.77.34)
From equations (4.77.33) and (4.77.34) it is simple to derive y(p) and z(p):
{ Vz(p) } =  % p7F(1 "  n<’27 +  2,/,){(1 ±  e)P ±  2 (Z q )v /1  -  £2} > (4-/ 7 -35)
with e = E a 2. In equation (4.77.35) the coefficients of the lowest power of p in 
the polynomials are of opposite sign for y and z. This explains why the result 
«0 +  =  Co =  0, ao ^  0 ,6o 0 was derived earlier. The general form of the
norm alised wavefunctions \I/jm(r, 0, (f>) is
= C C , |A |e- lAlr (2 |A |r)7r _1 F(1 -  n \  27  +  2 ,2 |A |r)
with
’ ( 4 - / L 3 6 )
^  |A |y ,r(2 7 +  n ' +  1)
‘ r(2 7 +  2 ) y / Z (n ' — 1)!
(4.77.37)
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C  = (2(1 - K 2) ) - i  . (4.JJ.38)
III . D iscu ssio n  o f  th e  h yd rogen  a to m  so lu tio n
The solution to  the hydrogen atom  given above is obtained by using equation 
(2.77.9), which represents only one of the decoupled parts  of the FV 1/2  equation 
in the Weyl representation of the gam m a matrices. If the other part of the FV 1/2 
equation (with Ham iltonian H is used for the hydrogen atom  (instead of 77^), 
then the same energy spectrum  is obtained.
Since ^  is obtained from ^  by spatial inversion, the radial wavefunctions 
for ^  m ust be identical to those of \I>£, and the angular wavefunctions must 
change by a sign of a c ,  with ac defined by equation (4.77.4). The difference in 
ac can be traced back to the angular operator 17, where 17 £ =  I 2 L 2  — iZ a a . r  
becomes 17^  =  I 2 L 2  +  iZacr.r, due to the sign change of the <r.E term  in the 
Ham iltonian. 17^  has the same eigenvalues as 17^  leading to the same radial 
equations and hence energy spectrum ; only the angular eigenfunctions differ in 
the sign of a c .
The only part of the hydrogen atom  solution th a t requires bo th  parts  of 
the FV 1/2 equation (in the Weyl representation of the gam m a m atrices) is the 
norm alisation of the wavefunctions (and hence calculations of expectation values 
using the wavefunctions). To norm alise the wavefunctions given here one must 
use 4,f v i /2 — (4/£, because a conserved current can only be defined in
term s of 4,f v i /2 and not or 4/ , 7  separately. In section 2.VI it was shown 
how the conserved current is constructed for the FV 1/2 equation. If an a ttem pt 
is m ade to construct a conserved current using ju st one of the two decoupled 
equations (for example I 4 i h ( d /d t ) ^ ^  = Tf^U^), then it is found th a t the only 
4-vector th a t can be constructed, which is (note th a t =  $ (8) £0)
)4')(€o V„ =  (1 2 ,<r) (4 ./ / / .1 )
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is not conserved [w*1 is constructed for equation (2.111.7) simply as w ß = 
and then rew ritten in Feshbach-Villars type notation).
For the hydrogen atom , the wavefunction, w ritten in term s of the Kronecker 
products introduced in section 2.V, is
(<Kr)\ \  —  I
\ r j o ) Or/
(4.I I I . 2)
Using these results one obtains
J j ° d 3x  = o^o W3x
= f W - I x M l 2) ^ / J + Q\e^)ddd(f) , (4.777.3)
which equals +1 if ^ p v i /2 *s norm ahsed. Expectation values of rq useful in 
atomic physics can be calculated simply from equation (4.777.3) (see section 
4.IV). Note tha t equation (4.777.2) makes use of the FV 1/2 equation with 
^ f v i /2 — ^ ® II is also possible to use the FV 1/2 equation w ith \Ff v i /2 — 
(\I/£, 'F^)r , obviously one again ends up w ith the quantity  on the right hand side 
of equation (4.777.3)*.
Consider now the various norm alisations, depending upon the decomposition 
of the FV 1/2 equation using Kronecker products, and also depending upon which 
gam m a m atrix  representation is chosen. Consider first the case where the FV 1/2 
wavefunction is
This has for inner product
* The wavefunctions were originally normalised using the second form, as it 
was done before the FV 1/2 equation had been derived in an a rb itrary  gam m a 
m atrix  representation.
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(4 'f v i / 2 |4 'FVi /2 ) - / *
T
F V 1 / 2
/ ° 0 12 0
0 0 0 —12
T5 = I 2 0 0 0
\  0 —12 0 0
W ith this value o f  r5 ,
(x)r5^ Fv i /2(x)c?3x ,
^ =  Ti <g> (r3 0  12).
(4.777.5)
(4.777.6)
(^f v i /2 |^f v i /2 > =  J  (^ t (x ) r3'Jr(x))(^o(x)r7o(x) +  rj0\ x ) ( 0(x))d3x, (4.777.7)
where £o and 770 are given for the hydrogen atom  by equation (4.777.2) .
The form of r 5 is due to the m ethod of w riting 4/f v i /2 given by equation 
(4.777.4) using Kronecker products. The FV 1/2  inner product containing T5 is 
simply f  j°KGi / 2 d3x rew ritten in this notation, where
Ä G 1/2  =  ( * 7 « K G i / 2 ( x h 0 D ° ^ k g i / 2(x ) . (4 .111.8)
To construct 4,p v i / 2 given by equation (4.777.4), firstly the bispinor 4/k g i /2 is 
split into £ and 77, hence 7 0 in equation (4.777.8) is split into T\ (g) I 2 . This 
simply uses the decoupling in the Weyl representation of the gam m a m atrices. 
Then,
"“'«-(ü=(£)=(Ä )  ( 4 J " ' 91
is w ritten using the Feshbach-Villars linearisation procedure as 4 /pvi / 2 =  (¥ ® 
£o,y®i jo)T - Hence
t\ <g) 1 2 ->• Ti <g> (t3 <g> 12) =  r 5 . (4.777.10)
If instead the KG 1/2 equation is not first w ritten as two decoupled equations 
in the Weyl representation of the gam m a m atrices, bu t the Feshbach-Villars
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linearisation procedure is applied directly, then this corresponds to the F V 1/2  
wavefunction defined by ^ f V1/ 2(x ) =  (¥(£> Then
(^fF V l / 2 l ^ F V l / 2 )  =  J  ^ F V 1 / 2 ( X ) T4^ F V 1 / 2 ( X )^3 x  ? ( 4 . / / / . 11)
where r4 is defined by equation (2.I X . 11). In the Weyl representation of the 
gam m a m atrices, this becomes
n  = = 7wey! =  T3 (8) (ti (8) 12 ). (4. I1 1 .12)
Here the bispinor is not split so 70 rem ains itself in r 4. In bo th  cases the r3 
appears when 4'k g i /2 1S w ritten  as 4,f v i /2-
Consider now what happens in an a rb itrary  gam m a m atrix  representation. 
r 4 is simply r 3 <S> 7 0, while 77 =  77 (8> (r3 0  7 7 ) ,  where 7 0 =  77  (8> 7-7, and 77  and 
r 7 reflect the splitting of the bispinor 4,k g i / 2 into (o ,/? )T (equation (2.F .9)). 
Clearly, only in the Weyl representation of the gam m a m atrices is it convenient 
to use 77. However, given th a t it will be indicated th a t this representation is 
likely to be used for physical applications, it appears useful to consider both 
norm alisations. Both m ethods obviously give the same final result. This is easily 
seen as both  inner product spaces are derived from the same j°KGl/2- It also also 
trivial to obtain ^ p Vly2 from 4/ f v i/2 5 one only needs to know £0, 7*0 and
In the previous chapter some general results were derived relating to the 
physical in terpretation of the eight solutions. These always involved the FV 1/2 
equation as a whole, and yet in the second p art of this chapter one half of the 
FV 1/2  equation is suitable for almost the entire solution to  the hydrogen atom. 
W hat is the appropriate procedure in general?
There have been many m anifestations of the less restrictive dynamics when 
using the FV 1/2 equation than  when using the Dirac equation. Firstly, it was 
seen in section 2.I ll tha t the KG 1/2 equation is the natu ra l second order spin-1/2
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equation while the Dirac equation is the natura l first order spin-1/2 equation. 
This means the KG 1/2 equation (and the FV 1/2 equation) has twice as many so­
lutions as the Dirac equation. In the Weyl representation of the gam m a m atrices 
the KG 1/2 equation decouples into two 2-component equations, which transform  
into each other under spatial inversion. Then, in section 2.IV, it was shown tha t 
a basis for the solutions of the KG 1/2 equation is not only the basis for the Dirac 
equation, but also includes a basis for the equation (i Ip +  k )iI> = 0. Another way 
to see this is th a t the m atrix  75 commutes w ith the KG 1/2 equation (and the 
FV 1/2 equation). In section 3.IV it was shown th a t there are two 4-component 
equations in the non-relativistic limit. Finally, in section 3.VI, it was shown tha t 
bo th  the Dirac and Feshbach-Villars descriptions of the relativistic degree of free­
dom are present in the KG 1/2 and FV 1/2 equations. There are two (linearly 
independent) solutions which satisfy the criteria of a time-reversed, or a charged 
conjugated, or a spatially inverted solution respectively, as opposed to one in 
each case for the Dirac equation.
Is there some new underlying degree of freedom in natu re  th a t is m anifested 
by the less restrictive dynamics here? W hat form could it take, given th a t it does 
not seem to have been recognised in experim ents to date? This question will be 
addressed again in the chapter on further work.
For now, the goal is to  explain how to use the FV 1/2  equation for physical 
problems. Given the ease of the m ethod of solution of the hydrogen atom , it 
would seem th a t a suitable procedure is the following. For a single particle m in­
imally coupled to a classical external electrom agnetic field, the FV 1/2 equation 
will always decouple in the Weyl representation of the gam m a m atrices. It is 
then possible to obtain  a solution to only one of the decoupled equations. After 
the solution is obtained, the full solution can be obtained by applying the spatial 
inversion operator to  the wavefunction and constructing 4,f v i /2- The norm ali­
sation then can be carried out in accordance with either the Feshbach-Villars or 
the Dirac descriptions, as given in section 3.VI. This procedure takes advantage 
of the less restrictive dynamics of the FV 1/2 equation, combined with the analy-
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sis of the FV 1/2 equation using CPT. Certainly one could a ttem pt to solve the 
8-component F V 1/2  equation (equation (2 ./ / .  12)) directly, bu t if the solution 
can be obtained more simply, then the simpler procedure is an obvious choice*. 
The choice of description for the norm alisation will affect the ‘other solutions’ of 
the FV 1/2 equation, these will be discussed for the hydrogen atom  later in this 
chapter. The question of the two-electron problem will be addressed briefly in 
the chapter on fu rther work.
IV . C om p arison  o f  th e  hyd rogen  a to m  so lu tio n  
using th e  F V 1 /2  and D irac eq u ation s
It was already mentioned th a t the energy spectra produced by the FV 1/2 
equation are identical to those obtained using the Dirac equation. However, in 
fact the values of n' and 7 differ using the two equations. The sum 7 -f n' is the 
same for both  equations for a given state, as could be expected.
The wavefunctions derived here can be com pared w ith the Dirac wavefunc- 
tions [Bethe and Salpeter, (1957)]. The Dirac wavefunctions (using the standard  
representation of the gam m a m atrices) are given in Bethe and Salpeter as:
f(r) =  -  fo) (4.IV.2)
r
g(r) =  1- ^ r + l e ~ x° r{4>1 + 2) (4./V.3)
r
* Consider the solution of the hydrogen atom  in an a rb itrary  gam m a m a­
trix  representation. The angular functions could be separated as ( 0 a ,0 ^ )  =  
I/(0 £ , 0r)), where ^ 7 w eyi ^  =  7 /i- One would end up w ith two radial equations, 
which would be at least equivalent, if not identical to the radial equation obtained 
earlier in this chapter. This would lead to the same radial wavefunctions.
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<t>i = - c n '(  ■ - - - - -  -  x) 1/2pyF ( l  - n ' ,27  +  1,/?) (4 ./K 4)
V 1 — e
^ = o ( - 7 £ 2 = - x ) + 1/ V T-F’( - n , ,27  +  l ,p )  , (4./V.5)
v l  - r
where x  =  ± ( j  +  1 /2 ),/ =  j  ±  1/2; Ad =  |A|, and c is a norm alization constant 
(see below).
The FV 1/2 wavefunctions were derived in the Weyl representation of the 
gam m a m atrices, whereas the Dirac wavefunctions are given in the standard  
representation. In general, the Dirac wavefunctions for a central field problem 
will be of the form given on page 54, [Bjorken and Drell, (1964)],
'I'd _  (  9 p r)yij +  9j~(r
i f?(r)y% + i f - ( r ) y? j
(4 ./F .6)
The standard  representation of the gam m a m atrices has the bispinor given by
Under spatial inversion, a  and ß  transform  into themselves (m ultiplied by oppo­
site phases) and hence this requires either g*  or g j  to be zero (and correspond­
ingly f ~  or to be zero). This gives the form of equation (4 ./V .1). In the 
Weyl representation of the gam m a m atrices, £ and rj transform  into each other, 
and so both  y j ” and y jlj m ust be included in each p a rt of the wavefunction. If 
the FV 1/2 wavefunction is transform ed to the standard  representation, then this 
involves only the application of S (=  S - 1 ) to \Fo- This gives
*i=^ CiG3fe) (4-/K8)
This explains the differences in the angular wavefunctions between the two equa­
tions.
The radial wavefunctions differ in the confluent hypergeom etric functions 
used. The FV 1/2 equation has only one confluent hypergeom etric function for a
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given state  of j ,  however this is multiplied by a simple polynomial, the polynomial 
being of the form 1 +  (iD° /« ) , with D° containing a 1 /r  piece from the A q term  
(this will be discussed again later). On the other hand, the Dirac wavefunction 
has a linear com bination of two confluent hypergeom etric functions. Does this 
difference lead to any varying physical predictions? To answer this question, 
expectation values should be calculated.
To do this, consider first the norm alisation of the wavefunctions. The con­
stan t c in the Dirac wavefunctions is given by [Bethe and Salpeter, (1957)]
\ d y/T(2~f -|- n'  -f- 1)
r(27 +
(4.7V.9)
The sim ilarity of this to C  of the FV 1/2 equation (equation (4.77.37)) is perhaps 
remarkable. The Dirac wavefunctions are normalised as follows. The norm alisa­
tion integral is
J  =  J  r 2(\g(r)\2 T  \ f( r) \2)dr =  +1. (4.7V.10)
It again involves integrals over confluent hypergeom etric functions. These in te­
grals can be solved simply by using the results given in [Davis, (1939)]. [Davis, 
(1939)] also gives integrals relevant to calculations of (r q). A calculation of the 
expectation value of the Coulomb energy will now be perform ed.
The Coulomb energy calculation is im portan t because it shows th a t the 
FV 1/2 equation can still be used as r  -> 0. The k,~1ID q piece in the Feshbach- 
Villars type definition (equation (1.77.6)) diverges for a Coulomb potential as 
r  —> 0 . This is easily seen as K_1iDo becomes (E  +  Z / r ) / ( l / a 2), w ritten  here 
using atomic units. In fact, for a Coulomb potential, any definition of the form 
in equation (1.77.6) with a minimally coupled time derivative will have a 1 /r  
piece in the wavefunction, which diverges as r  -> 0. The divergence is due to 
the original current for the KGO equation, which contains a field dependent term  
*. If the field diverges, so does the current. W hat is happening here physically?
* It was shown in section 2.VI th a t f y c o  motivates the use of the Feshbach-
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Can the FV 1/2 equation still provide useful answers as r —» 0?
W hen the FV 1/2  wavefunctions are norm alised using equation (4.1 I I . 3), 
then it tu rns out th a t the wavefunctions are norm alisable for all bound states. 
In fact the Dirac wavefunctions for the ground state  also diverge at the origin, 
bu t they too are normalisable. The wavefunctions in bo th  cases will be most 
strongly concentrated around the nucleus for high Z  and the ground state. Hence 
the Coulomb energy will be calculated for the ground sta te  w ith arb itra ry  Z.  The 
Coulomb energy represents one more power of r  in the denom inator and hence 
a test of the divergence of the wavefunctions.
Consider first the expectation value of the Coulomb energy using the Dirac 
wavefunctions. It is only necessary to insert a factor 1/ r  into equation (4.I V .  10), 
use normalised wavefunctions, and do the integrals using the results contained 
in [Davis, (1939)]. One obtains, for the expectation value of the Coulomb energy 
divided by the rest mass energy,
( ~ Z e 2r ( .  1^(f + 1) ( 7  +  » ' ( l - t 2)) (4.7V. 11)m e 2 e 7
Note th a t ( — Z e 2r ~ 1 ) / ( mc2) =  (—Z r ~ l ) / ( l / a ) 2 in the atom ic units used here. 
This is an exact result and relates the relative Coulomb energy to (the relative 
to ta l energy-the relative rest mass energy), (e — 1), where relative means divided 
by the rest mass energy. The result is pu t in this form to  show how this result 
relates to the classical Virial theorem  for a central field of force (equation (3.30), 
[Goldstein, (1980)]). The classical theorem  states th a t for the 1/ r  potential the 
potential energy should be twice th a t of and of opposite sign to the kinetic energy, 
and hence the potential energy is twice th a t of the to ta l energy minus the rest 
mass energy. For the ground state, n'  =  0 and equation (4.I V .  11) reduces to
<-Ze2r_1> = ( t _ i ) ( £ ± I )
m e i
(4./V.12)
Since e — 1 is roughly — 3 x 10 5 for Z  — 1, and —0.13 for Z  — 70, then the factor
Villars linearisation procedure. See also section 2.VIII
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(e +  l ) /e  is about 2.00003 for Z  = 1 and 2.13 for Z — 70, which shows how RQM 
reduces to the classical result for expectation values.
Now consider the same result using the FV 1/2 equation. A similar calcula­
tion gives:
( - 2 * - 1) _ + 1) ((7 + 1/ 2) + -  1/ 2)(1 -  e2))
(4.7V. 13)
m e * e (7 +  1/2)
The sim ilarity of this result w ith th a t obtained using the Dirac wavefunctions 
is obvious. Here there are factors of 7 +  1/2 and n'  — 1/2 instead of 7 and n ' . 
Reconsider the values of 7 and n'  for a given state:
state j / /' > ID n F V  1/2 1 F V 1 / 2
l s l / 2 1/2 0 1 0 % / i - ( Z a Y 1 7 1 - (Z a )2 -~ 1
2s 1/2 1/2 0 1 1 A - ( Z a Y 2 7 1 - ( Z a Y  - -  1
2 p l/2 1/2 1 0 1 7 1 - ( Z a Y 1 7 1 - ( Z a Y
2p3/2 3/2 1 2 0 A - ( Z a Y 1 7 4 - ( Z a Y  - -  1
331/2 1/2 0 1 2 7 i - ( Z a Y 3 7 i - ( Z a Y  --  1
3 p l/2 1/2 1 0 2 \ / l - ( Z a Y 2 7 1 - ( Z a Y
3p3/2 3 /2 1 2 1 7 4 - ( Z a Y 2 7 4 - (Z a )2 --  1
3c?3/2 3 /2 2 1 1 7 4 - ( Z a Y 1 7 4 - ( Z a f
3<75/2 5 /2 2 3 0 % /9 - (Z a )2 1 7 9 - ( Z a Y  --  1
4s 1/2 1/2 0 1 3 \ A  - ( Z a Y 4 A - (Z a )2 --  1
4 p l/2 1/2 1 0 3 7 i - ( Z a Y 3 7 1 - ( Z a Y
4p3/2 3/2 1 2 2 7 4 - ( Z a Y 3 7 4 - ( Z a Y  ~-  1
4d3/2 3 /2 2 1 2 x / 4 - (Z a Y 2 7 4 - ( Z a Y
4d5/2 5 /2 2 3 1 7 9 - ( Z a Y 2 7 9 - ( Z a Y  - -  1
4 /5 /2 5 /2 3 2 1 7 9 - ( Z a Y 1 7 9 - ( Z a Y
4 /7 /2 7/2 3 4 0 7 I 6 --  ( Z a Y 1 7 1 6 --  ( Z a Y -  1
Given th a t the values of 7 and n'  for the FV 1/2 equation are the same or one 
m ore/less than  the corresponding Dirac values, it is perhaps not suprising th a t
4- The hydrogen atom  112
the Coulomb energy for the FV 1/2 equation has factors of 7 +  1/2 and n' — 1/2 
instead of 7 and n' respectively. However, the only conclusion th a t can be drawn 
here is th a t the expectation values of the Coulomb energy are different for each 
state. There is a difference even for states having the same 7 and n ', for example 
the 2 p l/2  state, or the 3d3/2 state.
Consider equation (4.IV .  13) again. For the ground state  the last factor 
reduces to
l +  ( — r  ------ ) =  1 .
V l - ( W - l
This indicates th a t again the Virial theorem  is approxim ately m aintained. Now 
compare equations (4.TV. 11) and (4.7V.13) for the ground state. Equation 
(4./VM 1) reduces to
- ( Z a ?
\A -  (
while equation (4. /  V\ 13) reduces to
(4./V.15)
- ( Z a y
U  +
(Zay
•) •._________ v- . ._________  , . (4./V.16)
v / l - ( Z t t ) J 2x/ l - ( Z a ) 2 - l '
The last factor shows th a t the FV 1/2  result is close to the Dirac result for Z  — 1,
bu t differs greatly for large Z . For Z  — 1, the last factor is roughly 1.00006, for
Z ol « 1 / 2  [Z — 70) the factor is 1.4, and for Z ol =  \/3 /2  (Z  «  119), the factor
diverges. Both of the Dirac and FV 1/2 equations cannot be used for Z ol > 1
(Z  «  137), as then the single particle picture breaks down. Finite size of the
nucleus corrections push this value to 173 for the Dirac equation. However,
for Z  = 119, the FV 1/2  equation gives a divergent value for the ground state
Coulomb energy. One could expect finite size corrections to push this value
towards Z  =  150. In any case, it is clear th a t higher values of Z  provide an
obvious testing ground for differences in physical predictions between the F V 1/2
equation and the Dirac equation. To obtain a rigourous test of the validity of
the Dirac and FV 1/2  equations it is necessary to com pute finite size corrections,
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the Lamb shift, m otion of the nucleus etc. Nevertheless, this calculation shows 
th a t it is worth pursuing the question of w hether the FV 1/2 equation gives any 
different physical predictions than  the Dirac equation. It also provides a test 
of the FV 1/2 equation and hence the KG 1/2 equation as r  —> 0. This could 
perhaps lend insights on the question of the use of minimally coupled second 
order equations when the potential has a singular point.
V . C om p arison  o f  th e  h yd rogen  a to m  so lu tio n  
using th e  F V 1 /2  and K G 1 /2  eq u ation s
The energy spectrum  and wavefunctions for hydrogen has been obtained for 
the K G l/2  equation. Auvil and Brown in effect use equation (2.77.5) to ob­
ta in  the solution. Since this is basically equivalent to the equation used in this 
chapter, only w ritten using different quantities, it is instructive to compare the 
two calculations. Auvil and Brown obtain a single second order radial equation, 
which they write in the form of a differential equation for the confluent hyperge­
om etric function. They then derive the spectrum  and wavefunctions by analogy 
with the Schrödinger radial equation. They do not normalize the wavefunctions. 
It will now be shown th a t the FV 1/2  wavefunctions are consistent w ith those ob­
tained by Auvil and Brown. The energy spectra are identical. The relationship 
between the notation used by Auvil and Brown and in this thesis is now given. 
Auvil and Brown’s symbols are given an AB subscript, and they use units where 
h =  1 =  c, and E  and r  are in ordinary units. The following relations exist:
7 a b  = Za, \ AB =  Ze/ \ \ \  =  n +  7 , pAB =  p, S AB =  7sPin-o, (4.K.1)
S±AB — Tspin —1/2} %±AB (4.K.2)
Auvil and Brown begin with the standard  representation of the gam m a m atrices 
and then after some algebra obtain  the rj solution. Their angular functions are
identical to 0^ .
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Now consider the radial wavefunctions of the FV 1/2  equation. They can be 
w ritten  as:
l ( f ( r )
r \ g ( r )
C |A |e_|A r^ (2 |A |r ) ''F ( l  — « ' , 2 7  +  2 ,2 |A |r) x 1 +
(4.V.3)
with
r  _  lAl \ / r (27 +  » ' +  1)
I'(27  +  2 )N/ Z ( n ' -  1)!
(A.VA)
The factor 1 -f (E  +  Z / r ) / ( l / a 2) is simply 1 -f ( i D ° / k ). Hence, given how $ 
is derived from i\) (equation (2.V.3)), one then expects the radial wavefunction 
derived by Auvil and Brown to be
-h ( r )  = 2 = i ( / ( r )  + f l( r ) )  =  v 5 C |A |e " lAlr (2|A |r)7Ji-(l -  n', 27 +  2 ,2 |A |r) 
r  V2 r
(4.F.5)
Auvil and Brown obtain for the radial wavefunction
V ± ( p ) = e - ^ p s ± L l % +±i_ 1(p) . (4.K6)
W ith p =  2|A |r, Lß(p) = c 'F (—ß , a + l , p )  [Davis, (1939)] , A — S± = n ', 25± +  l =  
2 7 + I  and d  a constant, the wavefunctions m atch (up to the norm alisation 
constant which is not given by Auvil and Brown). Hence the hydrogen atom  
results in section 4.II are consistent w ith those in the literature.
Auvil and Brown rem ark th a t the Dirac wavefunctions can then be obtained 
by prem ultiplying by i If this is correct then it should be possible to firstly
obtain the full KG 1/2 wavefunction in the standard  representation of the gam m a 
m atrices, and then prem ultiply by i Jp +  k to obtain the same result as th a t given 
for the Dirac wavefunctions. If this procedure is successful, then it represents 
a general procedure to obtain results for the Dirac equation from those of the
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FV 1/2 equation. This presents a num ber of questions and will be addressed 
again in the chapter on further work.
V I. F u rther d iscu ssion  o f  th e  h yd rogen  a to m  so lu tio n  
using th e  F V 1 /2  eq u ation
It was m entioned at the beginning of the solution to the hydrogen atom  tha t 
the solution was actually valid both  for spin-1/2 and for spin-0 , w ith only minor 
modifications. To obtain the spin-0 results, all th a t is necessary is to replace 
7 from equation (4 ./ / .  19) by equation (4 .//.2 0 ), and the radial functions will 
be analogous to equation (4.77.35). The angular functions are obtained simply 
by replacing 0 ( / , / ' 0)  by F/m(0, </>)• Finally the energy spectrum  is the 
same as th a t given by equation (4.77.28) w ith 7 from equation (4.77.20). The 
possibility to obtain the exact spin-0 results directly from the exact spin-1/2 
results is due to the sim ilarity of 7fpVl/,2 and 77pvo- Such a comparison is not 
available using the Dirac equation. The relationship between the energy spectra 
of the KGO equation and the Dirac equation can only be given approxim ately in 
an expansion of term s of increasing powers of l / (m c 2) (see for example, [Bjorken 
and Drell, (1964)]). Given the sim ilarity of the FV 1/2  equation to the FVO 
equation, it can be expected th a t for m any problems the effects of the spin can 
be seen directly by solving these equations in parallel.
Nothing has so far been m entioned about the continuum  states or the conven­
tional negative energy states, referred to as the ‘other solutions’ in the previous 
chapter. In the solution of the hydrogen atom , only the solutions of the form 
e~lEt were obtained. To obtain the ‘other solutions’, all th a t is necessary is to 
solve equations (4.77.1) and (4.77.2) w ith E  replaced by —e. It is found th a t no 
‘bound s ta te ’ solutions are obtained, i.e. with the energy eigenvalue m e2 > e > 0, 
which is the same result as obtained using the Dirac equation. If one takes the 
solutions w ith etet then they are negative energy solutions if these are normalised 
w ith f  j ° d 3x  =  -f 1 (the Dirac description); or they are oppositely charged pos­
itive energy solutions if normalised w ith f  j ° d 3x  = — 1 (the Feshbach-Villars
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description). In some sense this case is trivial, bu t when more than  one electron 
is considered, the distinction will then become im portant. The continuum  solu­
tions should be able to be obtained simply, in analogy to the m ethod presented in 
[Lifshitz, Berestetskii and Pitaevskii, (1971)]. This am ounts to replacing |A| by 
±*|A |, which is necessary as now E  > m e2, and reconsidering the norm alization 
of the wavefunctions.
V II. C on clu sion s
This chapter has achieved the following results. It has been shown tha t 
the FV 1/2 equation gives the same bound state  energy spectra for hydrogenic 
atom s as the Dirac equation, although the wavefunctions are somewhat different, 
corresponding to a  different Ham iltonian. This produces an expectation value 
for the Coulomb energy which is close to the Dirac result for small Z , bu t differs 
greatly for large Z.  The solution presented suggests th a t the FV 1/2 equation 
can be used successfully for problems of a single particle moving in a classical 
external electrom agnetic field. The m ethod of solution is at most com parable in 
difficulty to the Dirac equation. This raises the possibility of using the spin-1/2 
Feshbach-Villars type equation in atom ic physics as a calculational tool.
For atom s w ith two or more electrons, one m ust conventionally refer to QED 
[Sucher, (1984)] to handle the negative energy states of the Dirac equation. The 
previous chapter addresses in some detail the question how to handle the eight 
solutions of the FV 1/2 equation wholly within RQM. It is most im portan t to 
a ttem p t the two electron problem  using the FV 1/2 equation, to test if indeed 
the eight solutions behave as described in chapter 3. This is also crucial in the 
quest to make the FV 1/2 equation useful for atomic physics. The eight solutions 
and the hydrogen atom  have been discussed briefly, bu t this represents only 
the trivial case. For a full comparison of the physical predictions of the FV 1/2 
equation and the Dirac equation, the m ethod of second quantisation m ust be 
applied to the FV 1/2 equation, from which the Lamb shift can be calculated. 
This will be considered in the chapter on further work.
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The solution of the hydrogen atom  using the FV 1/2 equation provides fur­
ther insight into the FV 1/2 equation itself. In the Weyl representation of the 
gam m a matrices the FV 1/2 equation decouples into two 4-component equations, 
w ith the use of one of them  being sufficient for almost the complete solution 
of the hydrogen atom. It is only the norm alisation of the wavefunctions which 
requires both  parts of the FV 1/2  equation. This decoupling occurs also for the 
KG 1/2 equation, which is the na tu ra l second order sp in-1/2 equation, whereas 
the Dirac equation is the natu ra l first order spin-1/2 equation. The question 
of which is better to use in RQM may be answered by calculating physically 
m easureable quantities using the hydrogen atom  wavefunctions derived here.
C H A PTER  5
Further work
I. In tro d u ctio n
This chapter is concerned with further work. The introduction chapter was 
designed to give an overview of the history of relativistic wave equations, and 
where the subject fits into the physics world today. It was also designed to 
provide a background to the development of the FV 1/2 equation. The chapters 
on the derivations, analysis and uses of the FV 1/2  equation, and the hydrogen 
atom , a ttem p t to present the new results I have derived during the course of 
this thesis. I have tried to m aintain an element of rigour in these results, which 
is necessary if they are to be useful to physics. W hile these new results answer 
many questions concerning the development of a spin-1/2 Feshbach-Villars type 
equation, there is, as could a priori be expected, much more th a t can be done. 
This chapter considers some possibilities for further study. Of course, since this 
further study has not yet been accomplished, this chapter a priori m ust be of a 
speculative nature. It will be one of my m ajor tasks in the future* to address 
some of the questions mentioned in this chapter with a view to obtaining rigorous 
answers.
The knowledgeable reader will have recognised a steady progression in the 
results presented in this thesis. In each of the three preceding chapters the m ate­
rial presented begins at a simple, more intuitive level. There is then a tendency 
towards the use of more general and powerful m athem atical results to justify  and 
to gain a deeper understanding of the earlier m aterial. The m athem atics pro­
vides a stronger framework on which to  a ttem p t further studies. However, it has 
become abundantly  clear to me in the course of this thesis th a t this progression 
itself is in its infancy. Some questions th a t I would like to address at a deeper 
m athem atical level are discussed in this chapter.
* Beginning August 1993, at Fysik 3A, Chalmers Tekniska Högskola, Sweden
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The development of the FV 1/2 equation has been confined to  its use as 
an equation in RQM. However, this theory is essentially a one-particle theory, 
whereas it is well docum ented experim entally th a t only charge, not particle num ­
ber, is conserved in nature. The im portan t processes of particle creation and 
annihilation are currently best described using Q FT. Moreover, Q FT  provides a 
convenient formalism to handle several particles a t once. Hence it is a m atte r of 
great priority to  apply the m ethod of second quantisation to the FV 1/2  equation.
One of the m ajor uses of RQM is a  starting  point for precision calculations 
of atomic phenom ena. It was briefly m entioned in the th ird  chapter th a t the 
question of continuum  dissolution might be able to be handled differently using 
the FV 1/2 equation. It was also shown th a t the solution to the hydrogen atom  
using the F V 1/2 equation was at most of equal difficulty to th a t obtained using 
the Dirac equation. It is im portan t to develop the FV 1/2  equation for use in 
heavy atom  calculations to see if it indeed provides a useful alternative to the 
Dirac equation.
The two preceding paragraphs m ention w hat I feel are initially the two most 
critical developments of the FV 1/2 equation. It is also im portan t to further 
study the FV 1/2  equation itself. Although some progress has been made in 
understanding the less restrictive dynamics of the F V 1/2 equation, there is much 
to be done. The facts th a t 75 commutes w ith the FV 1/2  equation, th a t there are 
bo th  the Feshbach-Villars and Dirac descriptions of C PT  invariance (plus other, 
as yet unexplained descriptions) and th a t the FV 1/2  equation decouples in the 
Weyl representation of the gam m a m atrices all need to be explained at a deeper 
level. It appears to me th a t such an explanation, as well as many more results of 
RQM, could be obtained by the application of the m athem atics of inner product 
spaces and m atrix  algebra. I have begun a study of RQM using these areas of 
m athem atics, and my prelim inary work is given here, ra ther in chapter II, due 
to its infancy.
The application of the FV 1/2 equation to hydrogenic atom s gave the same 
energy spectra as th a t produced using the Dirac equation. However, the wave-
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functions are different. Physical quantities derived from the wavefunctions may 
also be different, and this m ust be investigated. Is it different? W hy? How much? 
Is it experim entally observable? The Lamb shift and other corrections will have 
to be calculated if a num ber of these comparisons are to  be valid at the current 
level of experim ental accuracy. O ther problems of a single particle minimally 
coupled to a classical external electrom agnetic field can also be addressed.
II. Second  q u an tisa tion
One of the initial motivations was to find a spin-1/2 relativistic wave equa­
tion which gave a charge, ra ther than  probability density at the RQM level. An 
equation was found th a t had an indefinite j ° , and the results of chapter III sug­
gest th a t the FV 1/2 equation indeed contains a charge density description, as 
well as the Dirac description. However, m any physicists would consider such a 
result of little consequence, as the Dirac equation appears to provide a reasonable 
description of the charge of elem entary particles when used in Q FT.
I feel th a t there are three tasks which, if achieved, will tu rn  the FV 1/2 
equation into something w ith greater significance. Firstly, the FV 1/2  equation 
m ust be second quantised. If it then also provides a reasonable description of the 
charge of elem entary particles, something has been achieved. It would then be 
necessary to take the FV 1/2 equation and make it useful. This means deriving 
the Feynman rules etc. for the FV 1/2 equation, so th a t physicists can use it for 
calculations. The other requirem ent is to test it experim entally to see whether 
its altered description gives different physical predictions of nature.
III . A tom ic  physics
The study in chapter IV has been confined to hydrogenic atom s, which 
have only one electron. The two electron problem  introduces new complications, 
which the FV 1/2 equation might be able to handle. It is an open problem to 
a ttem p t calculations of m ulti-electron atom s using the FV 1/2  equation. It could 
potentially be a very rewarding application of the FV 1/2  equation. Some reasons
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why the FV 1/2  equation might perhaps be successful in atom ic physics were given 
in chapters III and IV.
IV . E x ten sio n s o f  ch ap ter  2
Applying some m athem atics of the representation theory of the Lorentz 
group was critical in my initial derivation of the F V 1/2  equation. This area of 
m athem atics could be considered as an im portant pa rt of ‘the m athem atics of 
(the special theory of) relativ ity’. Relativistic quantum  mechanics is an incor­
poration of the special theory of relativity into quantum  mechanics. Hence it 
is prudent to study and apply ‘the m athem atics of quantum  m echanics’ in any 
study such as this thesis which seeks to  provide alternative results to the con­
ventional ones. W hile many textbooks state  the results of RQM on an intuitive 
level, the underlying m athem atical form ulation m ust also be understood before 
any changes are considered.
Two areas of m athem atics th a t I feel are im portan t to the extension of the 
results in chapter II are the theory of inner product spaces and m atrix  algebra. 
The results presented in sections 2.II-2.V were almost completely obtained before 
I began any formal study of inner product spaces or m atrix  algebra. I began the 
study in March, 1993, using as a prim ary reference [Pease, (1965)]. This soon 
led to the m aterial in sections 2.VI-2.IX.
My current understanding of the situation follows.
In the m athem atical study of RQM, it appears th a t there are four main 
areas to be clarified. The connection between these also needs to be established.
Consider first NRQM. In NRQM, the state  of a system is defined by an 
abstrac t vector |ip) which is an element of (some generalisation of) H ilbert space. 
H ilbert space is infinite dimensional in th a t the representative of \i/j) requires 
an infinite num ber of complex num bers to specify it. R ather than  writing the 
representative as an infinite dimensional column vector, it is convenient to  write 
it as a single object which depends upon a continuous param eter. For example 
in the position representation, its representative is the complex valued function
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■0(x), defined for all x. It is a requirem ent th a t the NRQM space can handle 
V’(x) taking infinite values on occasions. The m athem atics of H ilbert spaces 
[Von Neumann, (1955)] and distribution theory provide an initial framework for 
handling this requirem ent [Capri, (1985)], although not all questions have been 
answered rigourously [Van Eijndhoven and Graaf, (1986)], [Govaerts, (1993)]. 
Any extension to  RQM must similarly deal w ith this situation.
The second area is the question of tim e in NRQM. In the Schrödinger rep­
resentation, the wavefunction t/>(x ) 1S tim e dependent. However, the operators 
are tim e independent. In the Heisenberg representation, it is only the operators 
which are tim e dependent. Time thus appears to play a different role to space in 
NRQM, where for example the position representatives of both  \ip) and operators 
are in general x-dependent. W hat happens in a relativistic treatm ent?
The th ird  area is the degree of freedom appearing in RQM. In the Schrödinger 
representation, either the factor e~lEt or e+lEt is possible in the stationary  state 
solutions of the wave equation. The degree of freedom seen in natu re  is the 
existence of both  signs of charge for elem entary particles. Somehow the degrees 
of freedom should be related.
The fourth area is the degree of freedom appearing due to the spin of the 
particle to be described by the wave equation.
The m athem atics of finite dimensional vector spaces appears to be useful for 
the th ird  and fourth areas. For example, for free particles, it is well known th a t 
the Dirac and FVO Ham iltonians can be diagonalised. Moreover, this occurs also 
for the KG 1/2 and FV 1/2 equations. In the Weyl representation of the gam m a 
m atrices, both  the K G l/2  and the FV 1/2  equations decouple in any minimally 
coupled classical external electrom agnetic field. There is much evidence of a less 
restrictive dynamics using the KG 1/2 and FV 1/2 equations. These results sound 
sim ilar to the decomposition of a vector space by linear operators [Pease, (1965)]. 
I am  in the process of studying this connection between the m athem atics and the 
physics. This study should throw considerable light on the eight solutions of the 
F V 1/2  equation, the C PT  results, and perhaps the question of charge in RQM.
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It will also help to  develop the RQM of the FV 1/2  equation in section 2.IX. It 
could provide a deeper foundation on which to  compare the various equations of 
RQM and the m any results published in the literature. It could also provide links 
between this and other areas of science (for example engineering [Pease, (1965)], 
supersym m etry [Adler, (1993)], and quaternionic quantum  mechanics [Davies, 
(1993)]) th a t use indefnite inner product spaces.
One of the outstanding questions in the published literatu re  concerning the 
FVO equation is the definition of the expectation value of an operator [Greiner, 
(1989)], [Hehler, (1941)], [Feshbach and Villars, (1958)]. The definition
(ft) =  J  d3x4'£V0(x)T3ft(x)'I'fvo(x ) (5./V.1)
is always used, which implies division by |(^ |0 ) | ra ther than  (ip\i/>) if unnor­
malised wavefunctions are used (see section 2.IX). This definition is always used, 
and provides consistent answers, bu t it would be nice to m athem atically prove 
it at a deeper level [Govaerts, (1993)], [Costella, (1993)] than  th a t disucssed in 
section 2.IX.
The m athem atical study described above will add greatly to the results 
in section 2.IX. Much can also be done to extend section 2.VIII. The CGKV 
equation is an alternative linearisation of the KG 1/2 equation. Perhaps it too 
can be used to solve physical problems. The currents described there can also be 
further studied, for physical in terpretation  and to  investigate new linearisations 
of the K G 1/2 equation, and perhaps the KGO equation.
V . E x ten sio n s  o f  ch ap ter  3
The m athem atical study described in the previous section, second quanti­
sation and the two electron problem provide the m ajor extensions of the th ird  
chapter. The non-relativistic limit results w arrant fu rther investigation, in tha t 
the Pauli equation is not the non-relativistic lim it of the FV 1/2  equation.
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V I. E x ten sio n s o f  ch ap ter  4
The questions considered here concern largely the one electron problem.
In section 4.V the solution to the hydrogen atom  was com pared w ith th a t of 
[Auvil and Brown, (1975)] obtained using the K G l/2  equation. In their paper, 
Auvil and Brown rem ark th a t the Dirac wavefunctions can be obtained by pre­
m ultiplying the K G l/2  wavefunctions by i JJ) -f- n. If this procedure is successful, 
then  it may represent a general procedure to obtain  results for the Dirac equation 
from those of the FV 1/2 equation. It should be noted th a t there are 8 linearly 
independent solutions of the K G l/2  equation, and to project out solutions to the 
Dirac equation by prem ultiplying by i JJ) +  k will sometimes give the null vector. 
It appears possible to test if Auvil and Brown’s claim is correct for the hydrogen 
atom  by prem ultiplying by i p  + k . A study of the theory of decomposition of 
a space into subspaces by a linear operator and the theory of projectors (for ex­
ample chapters 8 and 11 in [Pease, (1965)]) should throw some light on whether 
this result holds, not only for the hydrogen atom , but in general. It would be 
useful to have a way to tranform  the FV 1/2 equation results to those of the 
Dirac equation, and if possible vice versa. The investigation of this may also 
explain the differences between the wavefunctions and the expectation values of 
the Coulomb energy described in chapter IV.
The calculation of the Coulomb energy in section 4.IV showed th a t the 
different wavefunctions will lead to different results for expectation values of rq. 
It is im portan t to perform calculations involving the wavefunctions to test for 
physically m easureable differences. F inite size corrections, radiative corrections 
etc. will need to be performed. It will be especially interesting to see what 
happens for large Z . If it were possible to show th a t one of the Dirac and FV 1/2 
equations produces more accurate answers, then it may answer the question of 
w hether or not the charge density requirem ent discussed in section 2.VI is an 
accurate representation of Nature.
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V II. Som e o th er  q u estion s
The Dirac equation can be w ritten as an exact 2-component equation [Sucher, 
(1988)]. My initial calculations suggested th a t the corresponding result for the 
FV 1/2 equation is considerably more complicated. It was suggested to me 
[Sucher, (1992)] th a t if the FV 1/2 equation could be w ritten  as the same 2- 
component equation as th a t obtained using the Dirac equation, then all results 
of the FV 1/2 equation would be identical to  th a t using the Dirac equation. This 
could be a useful m ethod of comparing the two equations.
There are other single particle problems in RQM besides the Coulomb prob­
lem. These could be a ttem pted  using the FV 1/2 equation.
CH APTER 6
C onclusions
W hat has been achieved in this thesis?
Recall the discussion in the first chapter of this thesis. The following ques­
tions were im portan t to  answer:
Did there exist a relativistically correct spin-1/2 analogue of the FVO equation? 
If it existed, was it different to the Dirac equation?
These questions were answered in the affirmative by the derivation of the 
FV 1/2  equation and  its subsequent analysis during the following few months. 
These results are given in sections 2.II and 2.IV. These results led to  many new 
questions. The new equation had to be justified m athem atically, its physical 
in terpreta tion  understood and its utility  in physical applications shown. C hap­
ters 2, 3 and 4 represent some progress on these requirem ents, while chapter 5 
discusses some possibilities for further work th a t should be undertaken to make 
the FV 1/2 equation useful to physics.
The analysis presented in chapter 2 justifies the FV 1/2  equation alongside 
the Dirac equation as a spin-1/2 wave equation in RQM. It shows th a t it differs 
(and how it differs) from the Dirac and other existing wave equations in RQM. 
It justifies the m ethod of derivation of the FV 1/2 equation.
C hapters 3 and 4 show th a t the FV 1/2 equation can be (and how it is) used 
for physical problems of a single particle minimally coupled to a classical external 
electrom agnetic field. It is shown th a t a subset of four of the eight solutions of 
the FV 1/2 equation can be used for physical problems. It is shown th a t the 
FV 1/2  equation can be used in the study of hydrogenic atoms.
C hapters 2, 3 and 4 lay an im portan t foundation on which to further develop 
the FV 1/2  equation to make it useful to physics. They indicate th a t the two 
electron problem and second quantisation are im portan t to study. They suggest 
th a t there could be different physical predictions using the FV 1/2 and Dirac
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equations. They suggest th a t the FV 1/2 equation may prove useful in atomic 
physics.
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